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Abstract 



For a Lie group G, we show that the map C^{G) x C~(G) ^ C^{G), 
{'j,r]) I— >• 7 * ?7 taking a pair of test functions to their convolution is 
continuous if and only if G is cr-compact. More generally, consider 
. r, s, t E No U {00} with t < r + s, locally convex spaces Ei, E2 and a 

continuous bilinear map b: Ei x E2 ^ F to a complete locally convex 
space F. Let /3: C^{G,Ei) x ^(C^^a) ^ Ci{G,F), (7,7?) ^ 7 ?? 
be the associated convolution map. The main result is a characteri- 
zation of those {G,r, s,t,b) for which /3 is continuous. Convolution of 
compactly supported continuous functions on a locally compact group 
is also discussed, as well as convolution of compactly supported L^- 
functions and convolution of compactly supported Radon measures. 
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Introduction and statement of results 

It has been known since the beginnings of distribution theory that the bilinear 
convolution map (3: C~(M") x ^ C~(M"), (7,7^) ^ 7 * ,^ (and 

><| ; even convolution C°°(M")' x C^iW) C^iW)) is hypocontinuous gQl 

■ p. 167]. However, a proof for continuity of /3 was only published recently [30l 
Proposition 2.3]. The second author gave an alternative proof [22], which is 
based on a continuity criterion for bilinear mappings on locally convex direct 
sums. Our goal is to adapt the latter method to the case where M" is replaced 
with a Lie group, and to the convolution of vector-valued functions. 

Let b: El X E2 ^ F he a continuous bilinear map between locally convex 
spaces such that 6 7^ 0. Let r,s,t E NoU{oo} with t < r + s. If r = s = t = 0, 
let G be a locally compact group; otherwise, let G be a Lie group. Let Xc be a 
left Haar measure on G. If G is discrete, we need not impose any completeness 
assumptions on F. If G is metrizable and not discrete, we assume that F 



1 



is sequentially complete or satisfies the metric convex compactness property 
(i.e., every metrizable compact subset of F has a relatively compact convex 
hull). If G is not metrizable (and hence not discrete), we assume that F 
satisfies the convex compactness property (i.e., every compact subset of F has 
a relatively compact convex hull); this is guaranteed if F is quasi-completeQ 
These conditions ensure the existence of the integrals needed to define the 
convolution •y *bV - G F of 7 G C^(G', Ei) and r] G C^{G, E2) via 

(7 *f,?7)(x) := / h{'y{y),ri{y'^x))d\G{y) for x G G. (1) 



JG 

Then 7*fe?7 G Cl^^iG.F) (Proposition 12. 2p . enabling us to consider the map 

/3 : G:(G, E,) X G:(G, E2) -> G*(G, F) , (7, r/) 7 . (2) 

The mapping /3 is bilinear, and it is always hypocontinuous (Proposition 12 . 7p . 
If G is compact, then /3 is continuous (Corollary 12.31) . If G is an infinite dis- 
crete group, then /3 is continuous if and only if G is countable and h 'admits 
product estimates' (Proposition 16. ip . in the following sense: 

Definition. Let b: Ei x E2 — ?■ F be a continuous bilinear map between 
locally convex spaces. We say that b admits product estimates if, for each 
double sequence {Pi,j)i,jm of continuous seminorms on F, there exists a se- 
quence (pj)ieN of continuous seminorms on Ei and a sequence (gj)jgN of 
continuous seminorms on E2, such that 

(V2, J G N) (Vx G E,) (Vy G E2) p^M^^y)) < p^{^)(lAy) ■ (3) 

Having dealt with compact groups and discrete groups, only one case remains: 

Theorem A. If G is neither discrete nor compact, then the convolution map 
P from ([2]) is continuous if and only if all of (a), (b) and (c) are satisfied: 

(a) G is a-compact; 

(b) Ift = 00, then also r = s = 00; 

(c) b admits product estimates. 



^See [42] for a discussion of these properties. 
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We mention that (c) is automatically satisfied whenever both Ei and E2 are 
normable Corollary 4.2]. As a consequence, for normable Ei, E2 and a 
Lie group G, the convolution map (3 : C^{G, Ei) x C^{G, E2) C^{G, F) is 
continuous if and only if G is a-compact. In particular, the convolution map 
C^{G) X C^{G) — > C^{G) is continuous for each cr-compact Lie group G 
(as first established in the unpublished thesis [TU], by a different reasoning), 
but fails to be continuous if G is not cr-compact. 

Further examples of bilinear maps admitting product estimates can be found 
in [23]. For instance, the convolution map C°°{G) x C°°{G) — )■ C°°{G) admits 
product estimates whenever G is a compact Lie group. Of course, not every 
continuous bilinear map does admit product estimates, e.g., the multiplica- 
tion map C°°[0, 1] X C°«[0, 1] ^ C°°[0,1] [23, Example 5.2]. In particular, 
this gives us an example of a topological algebra A such that the associated 
convolution map C^(R,A) x C^{R,A) C^{R,A) is discontinuous. It 
is also interesting that the convolution map C^(R) x C°(]R) — )■ C^(M) is 
discontinuous (as condition (b) from Theorem A is violated here). This had 
not been recorded yet in the works [SD] and [22] devoted to G = R". 

Irrespective of locally compactness, we have some information concerning 
convolution on the space Mc(G) = lim Mj^(G) of compactly supported com- 
plex Radon measures on a Hausdorff topological group G. Recall that a 
topological space X is called hemicompact if X = IJ^^i with compact 
subsets /Ti C C ■ ■ ■ of X, such that each compact subset K C X is 
contained in some Kn- A locally compact space is hemicompact if and only 
if it is (T-compact. We call a Hausdorff topological group G spacious if there 
exist uncountable subsets A,B (1 G such that {{x,y) ^ A x B : xy & K} is 
finite for each compact subset K ^ G. A locally compact group is spacious 
if and only if it is not a-compact (see Remark 14. 5p . 

Theorem B. Let G be a Hausdorff group and (3: Mc{G) x Mc(G) -> Mc(G), 
(/i, z/) H-> /i * be the convolution map. 

(a) If G is hemicompact, then /3 is continuous. 

(b) If G is spacious, then /3 is not continuous. 

Thus, for locally compact G, the convolution map /3 from Theorem B 
is continuous if and only if G is a-compact. An analogous conclusion 
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applies to convolution of compactly supported L^-functions on a locally com- 
pact group (Corollary I4.6p . Hemicompact groups arise in the duality theory 
of abelian topological groups, because dual groups of abelian metrizable 
groups are hemicompact, and dual groups of abelian hemicompact groups are 
metrizable ( |2] ; see [1] , [3] , |1] , |25] for recent studies of such groups) . 

We also discuss the convolution map C^{G,Ei) x C''{G,E2) C\G,F). It 
is hypocontinuous, but continuous only if G is compact (Proposition 17. ip . 
As a consequence, neither the action G^{G) x E ^ E (nor the action 
C^{G) X E°° — 7- E°° on the space of smooth vectors) associated to a con- 
tinuous action G x E ^ E of a. Lie group G on a Frechet space E need 
to be continuous (contrary to a claim recently made [171 pp. 667-668]). In 
fact, if G is M and M x G°°{R) C°°(M) the translation action, then G^{R) 
acts on C°°(]R) by the convolution map, which is discontinuous by Proposi- 
tion [7?I] (or the independent study [S3]). For details, we refer the reader to 
[211 Proposition A]. 

The {G,r, s,t,b) for which P admits product estimates are also known [23] . 

For recent studies of convolution of vector-valued distributions, we refer to 
[5], [6] and the references therein. Larcher [33] gives a systematic account 
of the continuity properties of convolution between classical spaces of scalar- 
valued functions and distributions on R", and proves discontinuity in some 
cases in which convolution was previously considered continuous by some 
authors (like [H] and jil]). 

Structure of the article. Sections [T] to [3] are of a preparatory nature and 
provide basic notation and facts which are similar to familiar special cases 
and easy to take on faith. Because no direct references are available in the re- 
quired generality, we do not omit the proofs (which follow classical ideas) , but 
relegate them to an appendix (Appendix [C]) . Appendices A and B compile 
further preliminaries concerning vector-valued integrals and hypocontinuous 
bilinear maps. On this footing, our results are established in Sections H] to [3 

Acknowledgement. The continuity question concerning convolution on G^{G) 
was posed to the second author by Karl-Hermann Neeb (Erlangen) in July 
2010 (and arose in a research project by the latter and Gestur Olafsson, 
cf. |36l Proposition 2.8]). The research was supported by DFG, grant GL 
357/5-2. 
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1 Preliminaries and notation 



In this section, we compile notation and basic facts concerning spaces of 
vector- valued C^-functions. The proofs are given in Appendix [Cl 

Basic conventions. We write N = {1,2,...} and Nq := N U {0}. By 

a locally convex space, we mean a Hausdorff locally convex real topological 
vector space. If E is such a space, we write E' for the space of continuous 
linear functionals on E. A map between topological spaces is called a topo- 
logical embedding if it is a homeomorphism onto its image. If E is vector 
space and p a seminorm on E, we define Bf.{x) := {y & E: p{y — x) < r} 
and BI{x) := {y G E: p{y — x) < r} for x G E and r > 0. If X is a set and 
7: X E a map, we let || 

7llp,oo •— sup^jg^ ^(7(3;)). If [E, ||.||) is a normed 
space and p = ||.||, we write ||7||oo instead of ||7||p,oo, and Bf{x) instead 
of B^{x). Apart from prf/i, we shall also write p © for measures with a 
density. The manifolds considered in this article are finite-dimensional, but 
not necessarily cr-compact or paracompact (unless the contrary is stated). 
The Lie groups considered are finite-dimensional, real Lie groups. 

Vector-valued C- functions. Let E and F be locally convex spaces, 
U E an open set and r G No U {00}. Then a map 7: [/ — )■ F is called 
if it is continuous, the iterated directional derivatives d^^^'j{x,yi, . . . ,yj) := 
{Dy. ■ ■ ■ Dy^j){x) exist for all j E N such that j < r, x E U and yi, . . . ,yj e 
E, and, moreover, each of the maps d^^^j : U x E^ ^ F is continuous. See 
[31], [35], [28], [18], [27] for the theory of such functions (in varying degrees 
of generality as regards E and F). U E = M", then a vector- valued func- 
tion 7 as before is C" if and only if the partial derivatives ^"7 : f/ — )■ F exist 
and are continuous, for all multi- indices a = (ai,...,a„) G Nq such that 
|a| := «! + ■ ■ ■ + a„ < r (see, e.g., [27]). Since compositions of C"'-maps are 
C"*, it makes sense to consider C^-maps from C'-manifolds to locally con- 
vex spaces. If M is a C^-manifold and 7: M — )• F a C^-map to a locally 
convex space, we write d'y for the second component of the tangent map 
T7: TM ^TE ^ E X E. If X is a vector field on M, we define 

Dxil) := X.-f := d-f o X . (4) 

Function spaces and their topologies. Let r G Nq U {00} now and E 
be a locally convex space. If r = 0, let M be a (Hausdorff) locally compact 
space, and equip the space C^{M,E) := C{M,E) of continuous F-valued 
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functions on M with the compact-open topology given by the seminorms 



C(M,E) [0,cx)[, 7^-^ll7kl 



p,00; 



for K ranging through the compact subsets of M, and p through the con- 
tinuous seminorms on E. If (i?, ||.||£;) is a normed space, we abbreviate 
\\-\\K '■= To harmonize notation, write T°M := M and (i°7 := 7 

for 7 G C°(M, E) := C(M, E). If r > 0, let M be a C^-manifold. For G N 
with < r, set T^M := T{T^-^M) and (^^=7 := d{d''-^-f) : T'=M ^ E for C^- 
maps -f. M ^ E. Thus T^M = TM and d^-f = d-f. Equip C'^(M,E) with 
the initial topology with respect to the maps d^ : C''{M,E) — )■ C{T^M,E) 
for A; G Mo with k < r, where C{T^{M),E) is equipped with the compact- 
open topology. Returning to r G No U {00}, endow C^{M,E) := {7 G 
C'^{M,E) \ supp(7) C A} with the topology induced by C^{M,E), for each 
closed subset A C M. Let /C(M) be the set of compact subsets of M. Give 
Cl{M,E) := IJxe/c(M) ^xi^^^) the locally convex direct limit topology. 
Since each inclusion map C1^{M^E) — )■ C^{M,E) is continuous and linear, 
also the linear inclusion map CJ1{M,E) — )■ C^{M,E) is continuous. Since 
C'^{M,E) is Hausdorff, this implies that also C^{M,E) is Hausdorff. We 
abbreviate C"(M) := C"(M,M), C^(M) := CJ^(M) and C,"(M) := Q(M,R). 

Facts concerning direct sums. If {Ei)i^j is a family of locally convex 
spaces, we shall always equip the direct sum E := 0jgj Ei with the locally 
convex direct sum topology We often identify E^ with its image in E. 

Remark 1.1 If f/j C ii^j is a 0-neighbourhood for i & I, then the con- 
vex hull U := conv (^[J-^j Uij is a 0-neighbourhood in E, and a basis of 
0- neighbourhoods is obtained in this way (as is well-known). If / is count- 
able, then the corresponding 'boxes' Ui := E n Yliei form a basis 
of 0- neighbourhoods in E (cf. [31j). It is clear from this that the topol- 
ogy on E is defined by the seminorms q: E ^ [0, oo[ taking x = (xj)ig/ 
to "^i^i for Qi ranging through the set of continuous seminorms on Ei 
(because -Bi(O) = conv(|J^g^ Bf{0)).) If / is countable, we can take the semi- 
norms q{x) := max{qi{xi) : i G /} instead (because Bl{0) = 0j£7-Bf (0).) 

Lemma 1.2 Let {Ei)i^i and {Fi)i^j be families of locally convex spaces and 
Xi'. Ei ^ Fi be a linear map that is topological embedding, for i & I. Then 
®iei^i ^ ®iei^i' (^*)ie/ ^ {Xi{xi))i(zi is a topological embedding. 

Mappings to direct sums. 
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Lemma 1.3 Letr G NoU{oo}. Ifr = 0, let M be a locally compact space. If 

r > 0, let M be a -manifold. Let E be a locally convex space, and {hj)ji=j 
be a family of functions hj G CJ(M) whose supports Kj := supp(/ij) form a 
locally finite family. Then the map 

$ : C:{M, E)^^ C],^ {M, E), 7 ^ (hj ■ l)jeJ 

is continuous and linear. If {hj)j^j is a partition of unity {i.e., hj > and 
YlijeJ^i = 1 pointwise), then ^ is a topological embedding. 

Lemma 1.4 Let r G No U {00}. If r = 0, let M be a locally compact space. 
If r > 0, let M be a -manifold. Let E be a locally convex space, and P be 
a set of disjoint, open and closed subsets of M, such that {S)seP is locally 
finite. Then 

S&P 

is a continuous linear map. If P is a partition of M into open sets, then $ 
is an isomorphism of topological vector spaces. 

Seminorms arising from frames. If M is a smooth manifold of dimension 

m, we call a set J-" = {Xi, . . . ,Xm} of smooth vector fields a frame on M 
if Xi{p), . . . , Xjnij)) is a basis for Tp{M), for each p G M. If also Q = 
{Yi,...,Ym} is a frame on M, then there exist a^j G C°°{M) for i,j G 
{1, . . . , m} such that Yj = Xll^i ct'hj^i- 

Lemma 1.5 Let M be a smooth manifold, E be a locally convex space, k,i & 
No and Ti, . . . be frames on M. Let 7: M — >■ 6e a C^-map such 
that Xj ■ • ■X1.7 G C^{M,E) for all j G Nq with j < k and Xi G Ti for 
i G Then-f is C'=+^. 

Lemma 1.6 Let E be a locally convex space, M be a smooth manifold, r G N 
andT := (J-*!, . . . , J>) be an r -tuple of frames on M . Then the usual topology 
O on C^{M, E) coincides with the initial topology Tr with respect to the maps 

Dx„...,x, : C"-(M, E) ^ C"^(M, E),,,,, 7 ^ X,- . . . X^.^ , 

where j G {0, . . . , r} and X^ G J-'i for i G {1, . . . , j}. As a consequence, for 
each closed subset K C M , the topology on Cl^{M, E) is initial with respect to 
the maps C^(M, E) C^(M, E)c.o., 7 . . . X1.7, where j e{0,...,r} 

and Xi e J^i for i e {1, . . . , j}. 
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Definition 1.7 Let G be a Lie group, with identity element 1. Given g ^ G, 
we define the left translation map Lg-. G G, Lg{x) := gx and the right 
translation map Rg-. G ^ G, Rg{x) := xg. Let i3 be a basis of the tangent 
space Ti(G), and E he a. locally convex space. For v E B, let be the 
left-invariant vector field on G defined via Cv{g) '■= Ti{Lg){v), and 71^ the 
right-invariant vector field given by TZv{g) '■= Ti{Rg){v). Write 

J^L ■■= {'C^ -.veB} and J^r := {TZ^: v e B} . 

Let K C G he compact. Given r G Nq U {oo}, k,i e Nq with k + £ < r, 
and a continuous seminorm p on E, we define ||7||fcp (resp., ||7||fp) for 7 e 
Gl^{G, E) as the maximum of the numbers 

||X,...Xi.7|| 

for j G {0, . . . ,k} and Xi, . . . ,Xj G J^l (resp., Xi, . . . ,Xj G J-'r). We also 
\ (resp., hWktp) 

Xi . . . Xi.Yj . . . yi.7||p,oo , 



define ||7||fc'/i (resp., ||7||f^'/p) as the maximum of the numbers 



for i G {0, . . . , k}, j G {0, . . . , and Xi, . . . , X^ G J^l, Yi, . . . , Yj G 

\L II ||_R II \\L,R 



(resp., Xi,...,Xi G J^fl and G J'l). Then II n n n^'^ 



and ||.||^£^p are seminorms on C^i^G.E). \i E = and p = |.|, we relax 

notation and also write ||.||^, , \\-\\l'f and instead of IMI^^p, |M|^p, 

ll-llfc'/p ll-llfc^p' respectively. The same symbols will be used for the 
corresponding seminorms on C^iG^E) (defined by the same formulas). For 
£ G No with i < r, we shall also need the seminorm ||.|||';^ on Gl{G) defined 
as the maximum of the numbers ||Xj . . .Xi.7|7^||oo for j G {0, . . . ,£} and 
Xi, . . . ,Xj G Fl- For each compact set A C G, we have ||7|||';^ < WlW'i for 
each 7 G C\{G). Hence ||.|||'/^' is continuous on C\{G) for each A and hence 
continuous on the locally convex direct limit C^{G). 

To enable uniform notation in the proofs for Lie groups and locally compact 
groups, we shall write := := ||Jo^p := IMIo^p := ||.||p,oo if p is a 

continuous seminorm on E and G a locally compact group. If = M and 
i^' C G is a compact set, we shall also write ||.||oii: •= \\-\\k- 

In the situation of Definition 11.71 we have: 
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Lemma 1.8 For each t G Nq U {oo}, compact set K C G and locally convex 
space E, the topology on C\^{G,E) coincides with the topologies defined by 
each of the following families of seminorms: 

(a) The family of the seminorms for j G Nq such that j < t and 
continuous seminorms p on E; 

(b) The family of the seminorms \\.\\fp, for j G Nq such that j < t and 
continuous seminorms p on E. 

If t < oo and t = k + i, then the topology on C\^{G, E) is also defined by the 
seminorms \\-\\^'e^p, for continuous seminorms p on E {respectively, by the 

II II -R:-^^ \ 

seminorms \\-\\kip)- 

Useful automorphisms. We record several isomorphisms of topological 
vector spaces, for later use. 

Definition 1.9 If G is a group, 7: G — )■ a map to a vector space and 
(7 G G, we define the left translate r^(7): G — )■ E and the right translate 
r^(7) : G ^ E via t^(7)(x) := '~i{gx) and t^(7)(x) := '~i{xg) for x G G. 

Lemma 1.10 Let r G No U {c>o} and E be a locally convex space. If r = 0, 
let G be a locally compact group; otherwise, let G be a Lie group. Let 
g E G. Then 7 i— t- t^(7) defines isomorphisms G^'{G,E) — t- G^'{G,E), 
G'k{G,E) Gl^,^{G,E) {for K CG compact) and Gl{G,E) Cl{G,E) 
of topological vector spaces. Likewise, 7 h-> T^{'y) defines isomorphisms 
C'{G,E) C'-{G,E), G'j^{G,E) G]^g.,{G,E) {for K C G compact) 
and C^{G, E) — >■ Gl{G, E) of topological vector spaces. 

Lemma 1.11 For each £ G No such that i < r , 'j E Cl{G), compact subset 
K CG and g e G, we have Ikjf (7) = Ibll^^i^- 

Definition 1.12 If G is a locally compact group, we let Xq be a Haar 
measure on G, i.e., a left invariant, non-zero Radon measure (cf. 13.11) . We 
let Ac- G — )■ ]0, oo[ be the modular function, determined by Xg{Ex) = 
Ag{x)Xg{E) for all X G G and Borel sets E C G. It is known that Ac is a 
continuous homomorphism [T6l 2.24] (and hence smooth if G is a Lie group). 
If 7 : G ^ E is a mapping to a vector space, we define 7* : G — via 

Y{x) := Ag{x-')^{x-'). 
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It is clear from the definition that (7*)* = 7. 

Lemma 1.13 Let E he a locally convex space and r G No U {00}. If r > 0, 
let G be a Lie group; ifr = 0, let G be a locally compact group. Then all of 
the following maps are isomorphisms of topological vector spaces: 

Q: G'{G,E) ^ G''{G,E) , 7^7*; 

QK:C^j,iG,E)^C^j,-riG,E), 7^7% 
for K a compact subset of G; and 

Q,:G:iG,E)^G:iG,E), 7^7*- 

Further facts concerning function spaces. Whenever we prove that 
mappings to spaces of test functions are discontinuous, the following em- 
bedding will allow us to reduce to the case of scalar-valued test functions. 

Lemma 1.14 For each G^ -manifold M {resp., locally compact space M , if 
r = 0), locally convex space E and ^ v ^ E , the map 

C:(M) ^ G:{M,E) , $,(7) := 

is linear and a topological embedding {where {'~fv){x) := 'y{x)v). 

The following related result will be used in Section |6l 

Lemma 1.15 Let r E Nq U {00}. If r > 0, let M be a G'' -manifold; if 
r = 0, let M be a HausdorfJ topological space. Then the bilinear mapping 
"^E- G~'{M) X E G''{M,E), (7,t;) ^ -^v is continuous. If M is locally 
compact and K C M compact, then also '^k,e- C'x(^) x E — )■ Gl^{M,E), 
(7, v) I— )• ■yv is continuous. 

Lemma 1.16 Let E be a locally convex space, and r G Nq U {00}. Ifr = 0, 
let M be a locally compact space. If r > , let M be a G"^ -manifold. Then: 

(a) For each compact set K C M, there exists a family (Aj)jg/ of continuous 
linear maps Xi: E ^ Fi to Banach spaces Fi, such that the topology on 
G'^{M,E) is initial with respect to the linear mappings C]^(M, Aj) : 
C^(M, E) -> GkiM, Fi),-i^\oy forie I. 
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(b) // M is a-compact, then there exists a family (Aj)ig/ of continuous 
linear maps Xii E ^ Fi to Frechet spaces Fi, such that the topology 
on Cl{M,E) is initial with respect to the linear mappings Cl{M,Xi) : 
Q(M, E) ^ Q(M, F,), 7 A, o 7 /or z G /. 

(c) If M is paracompact and B C Cl{M,E) is a bounded set, then B C 
C]^(M, E) for some compact set K C M . 

2 Basic facts concerning convolution 

Throughout this section, G is a locally compact group, with left Haar measure 
\gi and b: El X E2 —> F a continuous bilinear map between locally convex 
spaces. As in the previous section, we refer to Appendix O for all proofs. 
If G is not metrizable, we assume that F satisfies the convex compactness 
property. If G is metrizable and not discrete, we assume that F is sequentially 
complete or satisfies the metric convex compactness property. Given 7 e 
C{G, El) and 77 G C{G, E2) such that 7 or has compact support, we define 

*bV- G F, (7 *f,r^)(a;) := / b{-f{y),r]{y~^x)) dX^y) , 

Jg 

noting that the i?-valued weak integral exists by Lemma lA.ll as the map 
G ^ F, y b{'y{y), ri{y~^x)) is continuous with support in the compact set 

supp(7) n x(supp(?7))~^ . (5) 

In particular, 

(7*b?7)(x)=/ b{-i{y),T]{y'^x))d\G{y) . (6) 

Jsupp(7) 

If h is understood, we simply write 7 * := 7 *{, 77. Consider the inversion 

inap Jg - G ^ G, g g^^. It is well known (see 2.31]) that the image 
measure jGi^c) is of the form 

jGiXG) = AGiy-')dXGiy). (7) 

Since y'^x = (x^^y)"^ = we infer JgI^x-iIAg)) = Jg(Ag) = 

Acd/"^) dXG{y)- Now the Transformation Formula implies thato il*bV){^) = 

^ Apply continuous linear functionals and use [7j 17.3 and 19.3]. 
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J^bo{'yoL^ojG,i])ojGoL^-i dXc = J^bo o L^o ja,ri)d{{jGO L^-i){Xg)) = 
6 o (7 o o JG, r]) d{AG{r') Xg) = Jg b{^{xz~'),r]{z))AG{z-') dX^z). 
Thus 

(7 H V){x) = [ b{^{xz-'), Ag{z-'Mz)) dXGiz) (8) 
Jg 

for all 7, rj as above and x & G. 

Lemma 2.1 Let K,L (1 G be closed sets and K or L be compact. For all 
7 G Ck{G, El), rj G Cl{G, E2), we then have 7 77 g Gkl{G, F), and 

supp(7 *b v) ^ supp(7) supp(?7) C KL . (9) 

The bilinear map (3: Gk{G,Ei) x Cl{G,E2) Gkl{G,F), (7,77) ^ 'y*brj 
is continuous. 

Let G be a Lie group now. 

Proposition 2.2 Let r, s G No U {00} and K,L (1 G be closed subsets such 
that K or L is compact. Then 7 *{, r/ G G^^{G,F) for all 7 G C^{G,Ei) 
and rj G Cl{G, E2), with 

TZn>j ■ ■ - Tlwi^vr ■ ■ ^vi-il *bV) = {TZwj ■ ■ - Tlwi-l) *b i^v, ■ ■ ■ ^vi-v) (10) 

for all i,j G Nq with i < s and j < r, and all vi, . . . , Vi, Wi, . . . ,Wj G Ti{G). 
Moreover, the bilinear map 

^ : E{) X E2) ^ C'j^liG, F) , (7, r/) 7 ^ 

is continuous. 

If G is compact, then = with := G, for each r G 

No U {00} and locally convex space E. Hence Proposition 12.21 yields as a 
special case: 

Corollary 2.3 If G is compact, then the convolution map 

/3: G''-{G,Ei) X G\G,E2)^G\G,F), {j,r])^jHV 
is continuous, for all r, s,t E NqU {00} such that t < r + s. □ 
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To each continuous bilinear map b: Ei x E2 ^ F as before, we associate a 
continuous bilinear map : E2 x Ei F via 

})'{x,y) ■.= h{y,x) ioi {x,y) e E2 x E^. (11) 



Lemma 2.4 If one of the maps 7 G C^{G,Ei) and C'^{G,E2) has compact 
support, then (7 *b rf)* = t]* *;,v 7*. 

Lemma 2.5 Assume that one of the maps'-/ G C^{G,Ei) and C^IG, E2) has 
compact support. Let g E G. Then 

(a) r^il*bV) = i^gil)) *bV 

(b) T^i-f*bV) =l*b (r^iv))- 

Lemma 2.6 Let {G,r,s,b) be as in the introduction, K ^ G be compact, 
7 G Cl^{G, El) , Tj G C^{G,E2) and q, pi, p2 be continuous seminorms on 
F, El and E2, respectively, such that q{b{x,y)) < Pi{x)p2{y) for all {x,y) G 
El X E2. Let fc, £ G No with k <r and £ < s. Then 

\\l*bV\\k,q < \\l\\k,pAv\\p2,oo\G{K) 

WlHvWig < \\l\\puoo\\v\\e,P2^G{K) 
h*bV\\ktq ^ h\\k,Pi\\v\\e,p,>^G{K). 

For a definition and necessary background on hypocontinuous bilinear maps, 
the reader is referred to Appendix [Bl In Appendix [Ul we also prove: 

Proposition 2.7 For all {G,r, s,t,b) as in the introduction, the convolution 
map 13 : Cl{G, Ei)xC^{G, E2) — > Cl{G,F), {'j,ri) ■y*bf] is hypocontinuous. 

3 Facts on measures and their convolution 

In this section, we fix our measure-theoretic setting and state basic definitions 
and facts concerning spaces of complex Radon measure and convolution of 
complex Radon measures. As before, proofs can be looked up in Appendix [Cl 
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3.1 The setting. If X is a Hausdorff topological space, we write B{X) for 
the (T-algebra of Borel sets (which is generated by the set of open subsets 
of X). A positive measure fi: B{X) — )■ [0, oo] is called a Borel measure if 
fi{K) < oo for each compact subset K C X. Following 0, we shall call a 
Borel measure fi on X a Radon measure if fi is inner regular in the sense 
that fi{A) = sup{fi{K): K C A compact} for each A G B{X). The support 
supp(yu) of a Radon measure is the smallest closed subset of X such that 
/i(X \ supp(/i)) = 0. A complex measure /i: B{X) — )■ C is called a complex 
Radon measure on X if the associated total variation measure (as in ^38i 
6.2]) is a (finite) positive Radon measure. In this case, we set supp(/x) : = 
supp(|;u|). The total variation norm of /i is defined via := |/i|(X). We let 
M(X) be the space of all complex Radon measures on X. Given a compact 
set i^' C X, we let Mx(X) be the space of all /i G M(X) such that supp(/i) C 
K. It is clear that the restriction map (Mx(X), ||.||) (M(i^r), ||.||) is an 
isometric isomorphism, and hence M/^(X) = yi{K) = (C(i^')', ||.||op) is a 
Banach space (using the Riesz Representation Theorem, [SF, 6.19]). We give 
Mc(X) := [J^Mii'(X) the locally convex direct limit topology, and note 
that it is Hausdorff (being finer than the normable topology arising from the 
total variation norm). We let M(X)+ be the set of finite positive Radon 
measures on X, Mx(X)+ be the subset of Radon measures supported in a 
given compact set -ft" C X, and Mc(X)+ := Mx(X)4.. If G is a Hausdorff 
topological group, with group multiplication m: G x G — > G, we let ^® v 
be the Radon product measure of /x, z/ G M(G)+ (see |8| 2.1.11]). We define 
® z/ for /i, z/ G M(G) via bilinear extension; then |/i ® < ® |z^| (see, 
e.g., (5.4)]). The convolution of /x, z/ G M(G) is defined as the measure 
;x*z/ := m*(/i(g)z/) taking A G B{G) to {^,®v){m-^{A)) (cf. [8, 2.1.16]). Since 
l/i * z/| = |m^.(/i (g) z/)| < m^,(|/i ® u\) < m^{\jj,\ ® \v\) = * |z/|, one deduces 
that ll/i * z/|| < (|u| * |z/|)(G) = (1^1 ® |z/|)(G X G) = |/i|(G)|z/|(G) = ||z/||. 
We shall use thato 

supp(/i * z^) C supp(/i) supp(z/) for all /i, z^ G Mc(G). (12) 

Lemma 3.2 Let X be a Hausdorff topological space and {Aj)j^j be a family 
of Borel subsets of X , such that Jk '■= {j & J: AjdK ^ 0} is finite for each 

■^If z G G \ supp(/i) supp(i^) =: U and x,y ^ G with xy — z, then x ^ supp(/i) or 
y ^ supp(z^). Hence m~^{U) n (supp(/z) x supp(t^)) = and |/i * v\{U) < (|^| * |j^|)(C/) = 
(|/x| ® |^.|)(m-i(C/)) < (ImI ® kl)(G X (G \ suppii^))) + (|m| k|)((G \ supp(m)) x G) = 0. 
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compact subset K C X . Then the map 

$ : M,(X) ^ M{Aj) , fi H> (/i|e(A,)),eJ 

is continuous and linear. 

Recall the notation pQ fj^ for p dp. 

Lemma 3.3 Let X be a Hausdorff topological space which is hemicompact, 
and Ki C K2 C ■ ■ ■ be compact subsets of X such that each compact subset 
of X is contained in some Kn- Let Kq := 0. Given p G Mc{X), we have 
Pn '■= iK„\Kn-i /i G Mk,X^) Z'^'" n eN, and the map 

$ : Me(X) Mx„ (X) , p^ {Pn)nen 

nGN 

is linear and a topological embedding. 

If X is a locally compact space, p > a. Radon measure on X and K ^ X 
a compact set, we define {L^{X,p), ||.||li) as usual and let L]^{X,p) be the 
set of all [7] G L^{X,p) vanishing /i-almost everywhere outside K. We 
equip L]^{X,p) with the topology induced by L^{X,p), and Ll{X,p) : = 
IJ^ L]^{X,p) with the locally convex direct limit topology. We abbreviate 
LUG) ■.= LI{GAg). 

Lemma 3.4 For each locally compact space X and Radon measure p > 
on X , the map 

is continuous and linear, and so is Ll{X,p) — > Mc{X), 7 h^- 7 /x. 

As is well-known, the definitions of convolution of functions and that of 
measures are compatible with one another (cf. [121 p. 50]): 

Lemma 3.5 If G is a locally compact group, with left Haar measure Xq, 
then (7 Xg) * (?7 A^) = {l * v) ® ■^g for all 'y,ri E Gc{G) {and, more 
generally, for 7,77 G L\{G)). □ 
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4 Convolution on non-cr- compact groups 



We prove that convolution of test functions on a non-cr-compact group is 
always discontinuous (Proposition I4.3p . Notably, this shows the necessity of 
condition (a) in Theorem A. It is efficient to discuss convolution of measures 
in parallel, and all our results concerning it. [HI Lemma] is essential: 

Lemma 4.1 Let I be an uncountable set. Then there exists a function 
g: I X I ^ ]0, oof such that for each f : / — )■ ]0,oo[, there exist i,j G / 
such that v{i)v{i) > g{i,j). □ 

Lemma 4.2 Let G be a Hausdorff topological group and W C Mc(G) be 
a cone {i.e., [0, oofVT C W), equipped with a topology O making the map 
m^: [0,oo[— )■ W, r rfi continuous at for each fx G W . Assume that 
there exists an uncountable set L and families (l^i)jg/ and {Zi).i^i of Borel 
sets in G such that 

LK:={{t,j)eLxL:Y,Z,nKy^(Ii} 

is finite for each compact subset K C G, and there exist non-zero measures 
Hi^Vi G Mc(G')+ n W such that supp(/ij) C Yi and supp(z/j) C Zi, for all 
i ^ L . Then the convolution map 

(3: {W,0) X {W,0) ^M,{G), {fi,u)^ij*iy 

is discontinuous {with respect to the usual locally convex direct limit topology 
on the right hand side) . 

Proof. After passing to a positive multiple, we may assume that = 
||z/j|| = 1 for all 2 G /. Let g: L x L ^ ]0,oo[ be as in Lemma 14.11 By 
Lemma 13. 2^ the restriction maps combine to a continuous linear mapping 
Me(G) 0(. .)^,^,M(FiZ,). Hence the set 

5 := {/i G M,{G): G /) < g{i,j)} 

is an open 0-neighbourhood in Mc{G). We now show that 

/3{U xV) = U *V ^ S (13) 

for any 0-neighbourhoods U ^ W and V C W. Hence /5 will be discontinuous 
at (0, 0). Since f/ is a 0-neighbourhood and m^. is continuous at for i E L, 
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we find Ei > such that ej/ij G U. Likewise, we find 6i > such that 
Oi^i G V. By choice of g, there exist i,j & I such that ei6j > g{i,j). Since 
{eifii)*{6jUj) G Mc(G)+ and supp{{eifii)* {9 jUj)) C supp(/ii) supp(z/j) C F^Zj, 
we obtain 

\{eiiJi) * {ejiyj)\{Y,Zj) = {eiiJi*ejUj){YiZj) = {eijj, * ejUj){G) 

= EiOj Hi * Uj = EiOi {Hi (g) Uj){G X G) 
= EiOj fii{G)uj{G) = ei9j>g{i,j). 

Hence (ej/ij) * {(^j^j) ^ S, estabhshing f lT5]) . □ 

Proof of Theorem B. (a) If G is hemi compact, define $ for X := G as in 
Lemma 1331 For t,j G N, let Mk^G) x Ma',(G) ^ Mk,k,{G) C Me(G) 
be the convolution map. Then fij is continuous, because z^) || = 

||/i*z/|| < ||/i|| ||z/||. Abbreviate S := M/^^(X). Since each of the spaces 
M;^.(X) is normable, it follows that the bilinear map f:SxS^ Mc{G), 
/((7i)jgN, ('7j)iGN) := EijGN Aj(7i)'7j) is continuous [221 Corollary 2.4]. Hence 
also the convolution map P on Mc{G) is continuous, as it can be written in 
the form /3 = / o ($ x $). 

(b) If G is spacious, then there exist uncountable subsets A, B (1 G 
such that {{a,b) & A X B : ab & K} is finite for each compact set K (1 G. 
After replacing A and B by subsets whose cardinality is the smallest 
uncountable cardinal Ki, we may assume that there exists a bijection 
f: A ^ B. Then {{a})a&A and ({/(a)})aeA are families of (singleton) sub- 
sets of G such that {(a, a') E A x A: {a}{f{a')} fl 7^ 0} is finite for each 
compact subset K <Z G. Now define W := Mc(G), with its usual topology, 
and note that the point measures fia '■= at a and := 5/(a') at /(a') on G 
are contained in ly fl M{a}{G)+ and 1^ fl M{/(a/)}(G)+, respectively. Thus 
Lemma 14.21 shows that /3 is not continuous. □ 

Proposition 4.3 Let {G,r, s,t,b) and^: C'^iG, Ei)xC'^{G, E2) Cl{G,F) 
be as in the introduction. If G is not a -compact, then (5 is not continuous. 

Our proof of Proposition 14.31 uses a property of non-a-compact groups: 

Lemma 4.4 Let G be a locally compact group which is not a-compact, and 
U O G be a a-compact, open subgroup of G. Then there exist disjoint un- 
countable subsets A,BOG such that A and B have the same cardinality, 

{y{a,b),{a',b') e Ax B) aUb f] a'Ub' ^ dl ^ {a,b) = {a' ,b') , (14) 



17 



and {aUb)(^a,b)eAxB 'is locally finite. 



□ 



Proof. Let uji be the first uncountable ordinal. Fix a well-ordering < on G. 
We prove the following assertion P{9) for all ordinals < wi, by transfinite 
induction: 

P{6): There exist uniquely determined families {Aa)a<e and {Ba)a<e of 
subsets Aa,Ba C G and a unique family {fa)a<8 of bijections fa- ^ Ba 
such that Aq = Bq = 0, Aq, and Ba are countable for all a < 6* such that 
a 7^ cji, moreover 

(Va < ^) (a + 1 < 0) ^ 

J v4a+i = AaU {xa} with Xq, = min(G' \ {U U Aa U Ba)) and , . 
\ Ba+i = BaU{ya} with = min(G \ (f/ U U 5,) ) , ^ ^ 

Aq, = |J/3<a ^13 = U/3<« ^13 ^'^^ limit ordiuals a < 9, and /aU^ = //? 

for a\\ I3<a<e. 

Here, the minima in f|T5|) refer to the chosen well-ordering on G. Because 
Aa and i?Q are countable if a + l < 9, the group {U U Aa U Ba) is cr-compact 
and hence not all of G. As a consequence, its complement G\{U U AaD Ba) 
is non-empty and the first minimum in f[T5]) makes sense. Similarly, the 
second minimum makes sense. 

To prove P{6) by transfinite induction, note that -P(O) is satisfied if and 
only if Ao = Bo = fo = 0. 

If ^ is a non-zero limit ordinal and P{0') holds for all 6' < 6, write 
((^a%<e', (5^')a<0, {fa)c<e') for the triple {{Aa)a<e', {Ba)a<e', {fa)a<e') that 
is uniquely determined by P{9'). If 9" < 6' < 9, the uniqueness in P{6") 
implies that = A^', 5f = and /5' = for all a < 6". For a < 6, 
choose 6' < 6 such that a < 9'; then Aq, := , i?^ := B^ , and are 
independent of the choice of 0' (as just observed). We also set Ag := |Ja<6i 
Be := U„<, 5a and fe := Ua<e /«• Then P{e) holds. 

If ^ = ^' + 1, let A„ := A^', S„ := 5^', and fa := for a < 6'. 
Define := Ae U {x^/} with xe' = mm{G \ {U U Ae' U Be' )). Also, define 
Be :=Se/U{ye/} withye/ := mm{G\ {U U AgU Be')). Then P(6') is satisfied. 
The inductive proof is complete. 

Now, set A := A^-^ and B := B^-^. These are uncountable sets, as they can 
be considered as the disjoint unions A = IJa<<^i{^Q:} ^ ~ Ua<wi 
Moreover, /^j^ : A — t- i? is a bijection, and f|T^ can be inferred from P[uji). 
In fact, assume that 

Xa Uy,3 n x^Uys 7^ 0. 
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Thus, there exist u,w E U such that XaUyp = x^wys- Let 9 := max{a, (3, 7, S}. 
If (3 = 9 and 6 < 9, then H := {U U Ag+i U Bg) would be a subgroup con- 
taining U and all of Xa, x.y and ys- Hence ye = yp = u~^x~^x^wys G H, 
contradicting f|T5|) . Hence (3 = 9 implies 5 = 9 = [3. Thus Xq-m = a;-yW in 
this case. If a > 7, let I := {U U Aa). Then u,w,x^ G / and hence also 
^ G /, contradicting f[T^ . The same argument excludes the case 
a < 7, and thus a = •y. 

Likewise, S = 9 implies (3 = 6, from which = 7 follows as just shown. 

If (3 < 9 and 6 < 9, we may assume that a = 9 (the case 7 = ^ is 
analogous). If we would have 7 < a, then H := {U U AaU Ba) would be 
a subgroup containing {m, ?/^, x^, w, y^}. Hence = x^wysy^^u^^ G i?, 
contradicting (IT3i) . Thus a = 7. But then uyjs = wys- Without loss of 
generality (3 < 6. If we would have (3 < 6, then I := {U U Bg) would 
be a subgroup containing {u,yj3,w}. Hence ys = w'^uyp would be in /, 
contradicting f|T5|) . Thus f|T^ holds. 

If i^' C G is a compact set, let $ be the set of all pairs with 
a,(3 < Ui such that XaUyjs fl 7^ 0. To see that $ is finite, let us suppose 
that $ was infinite and derive a contradiction. Case 1: Assume that : = 
{max{a, (3} : (a, (3) G $} is finite. Then (la) the set C := {(3 < ao- (cto, (3) G 
$} is infinite for some ao < 1^1, or (lb) the set D := {a < (3o: (a, (3o) G $} is 
infinite for some (3o < Ui. In case (la), K meets Xa^Uyis for all /3 G C (which 
are disjoint sets), and hence the compact set x~^K meets Uyp for all (3 E C, 
and also these sets are disjoint. But the set U\G of all right cosets of U is an 
open cover of x~^K by disjoint open sets, and hence {S G U\G: x~^KnS 7^ 
0} must be finite, contradiction. In case (lb), K meets XaUyj3Q for all a G 
(which are disjoint sets), and hence the compact set Ky^^ meets XaU for 
all a G -D, and also these sets are disjoint. But the set G/U of all left 
cosets of U is an open cover of Ky^^ by disjoint open sets, and hence {S G 
G/U: Ky~^^ n S" 7^ 0} must be finite, contradiction. Case 2: Assume that 
is infinite. For each 6' G O, pick {ag,Pg) G $ such that ma.x{ag, (3g} = 9. 
Also, pick zg E K n XagUyiSg. Then (2a) C := {9 E Q: 9 = (3g} is infinite 
or (2b) the set D := {9 E Q: 9 = ag > Pg} is infinite. In case (2a), if 
9,9' E C and 9 < 9', then x^gUyfig C (f/ U Agi+i U Bgi) =: H and Xa^, E H 
(as ag' < 9'). Since yjj^, = ygi ^ H by f|T5|) . we have H fl Hyj^^, = and 
hence XagUyp^U r\ Xag/Uy^^, = 0, entailing that zg and zg/ lie in different left 
cosets of U, i.e., zgU fl zgiU = 0. Hence K meets infinitely many left cosets 
of U, contradiction. In case (2b), if 9,9' E D and 9 < 9', then XagUyjj^ C 
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{UUAe>UB0:) =: H and y^^, G H (as f3g, < 9'). Since x^^, = xqi ^ E by ffT^ . 
we have H fl Xo,g,H = and hence XagUyp^U fl Xo,^,Uyi3^, = 0, entaihng that 
2e and z^' he in different left cosets of U. Hence K meets infinitely many left 
cosets of U, contradiction. □ 

Proof of Proposition 14.31 We write (3b in place of (3. 

As 6 7^ 0, there exist non-zero vectors v ^ Ei, w & E2 and z & F such 
that I3{v,w) = z. Let $^ : Q(G') ^ C,"(G,Ei), $^ : ^(G) ^ Q(G,^2) and 
$2 : Cl{G) — > Cl{G, F) be the linear topological embeddings from LemmadTTH 
If c: M X M — )■ M, (s, t) (— 7- s ■ t is the scalar multiplication, then 

/36o($, X $J = $,o/3,. (16) 

Hence /3b will be discontinuous if we can show that (3c is discontinuous. Let 
6: Mc{G) X Mc{G) — )• Mc(G') be convolution of measures. Let f/ C G be a a- 
compact open subgroup. As we assume that G is not cr-compact, Lemma 
provides uncountable subsets A,BCG and a bijection /: A ^ B, such that 
{aUb)(^a,b)eAxB is a locally finite family of disjoint open subsets of G. Define 
Ya := all and Za := Uf{a) for a G A. Then (Va^b)(a,b)GAxA is a locally 
finite family of disjoint open subsets of G. The map $ from Lemma 13.41 
(applied with /i := Ac) is continuous linear and injective. We endow its 
image W := im($) C Mc{G) with the topology making $ a homeomorphism 
onto W. For all a G A, there exist non-zero functions Qa G G(({G) and 
/la e Cc{G) with 5(a,/ia > pointwise and supp(5fa) C Ya, supp(/ia) C Za- 
Now the hypotheses of Lemma 14.21 are satisfied with fia '■= Qa & and 
i^a '■= ha Xg- Hence 6'|iyxW' is discontinuous. But /3c = 6^ o ($ x $) (see 
Lemma |33|) . entailing that also (3c is discontinuous. □ 

Remark 4.5 A locally compact group G is spacious if and only if it is not cr- 
compact. In fact, if G is spacious, then the convolution map 
(3 : Mc{G) X Mc{G) Mc{G) is discontinuous (see Theorem B (b)), whence G 
is not hemicompact (by Theorem B (a)) and hence not cr-compact. If G is 
not cr-compact, then G is spacious, as a consequence of Lemma [4. 4[ 

Corollary 4.6 For G a locally compact group, the convolution mapping 
(3: L].{G) X L].{G) — 7- L].{G) is continuous if and only if G is a -compact. 

Proof. If G is cr-compact, using the local compactness we find compact 
subsets Kn C G such that G = IJ^i and Kn is contained in the interior 
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of Kn^i. Set Kq := and abbreviate 5* := ^^eN ^K„i^)- Then the map 
^■.LliG)^S, $(7) := (li.,w,_,7kM 

is hnear, injective, and continuous (as in the proof of Lemma [3 .Sj using that 
111^-^X^^-1711^1 < hlUO- Since ||7*??||li < IItIIli IhlUi, the restriction fij 
of /3 to L]^.{G) X L^.(G) is continuous for all i,j G N. As all of the spaces 
L]^.{G) are normable, [221 Corollary 2.4] shows that f : S x S Ll{G), 
/((7i)ieN, iVj)jeN) ■= Y.i,j&ifidi.li^Vj) is continuous. Hence /3 = / o ($ x $) 
is continuous as well. 

If G is not (j-compact, let 6: Mc(G') x Mc(G) — )■ Mc(G) be convolution 
of measures. Let ?7 C G be a cr-compact open subgroup, (Va)aGA, {Za)aeA, 
Qa and ha € Cc(G) be as in the proof of Proposition 14.31 The map \1/ from 
Lemma 13.41 (applied with /i := Ag) is continuous linear and injective. We 
endow its image W := im(\E') C Mc((j) with the topology making ^ a homeo- 
morphism onto W. Now the hypotheses of Lemma [4.21 are satisfied, whence 
^IvKxiy is discontinuous and hence also /3 = 6^ o (\1/ x □ 



5 Convolution of C^-maps and C^-maps 

In this section, we prove the necessity of condition (b) in Theorem A. Thus, 
we assume that (b) is violated and deduce that := /3 is discontinuous. In 
view of Proposition 14. 3[ it suffices to show this if (a) is satisfied. 

Thus, let G be a a-compact, non-discrete, non-compact Lie group, and 
g := Ti{G). If r = 00 and s < 00, we have /3fe(7,?7) = (/3fev(r7*, 7*))* for 
(7,r/) G Cr(G,Ei) X Q(G,E2), where P,. : Cl{G,E^) x G^{G,E^) ^ 
C^{G,F) and * stands for the involutions on ^(CEs), C^{G,Ei) and 
C^{G, F), respectively, which are isomorphisms of topological vector spaces 
by Lemma [1.131 Hence discontinuity of /3fev will entail discontinuity of Pb- It 
therefore suffices to assume that r < 00 and s = 00 in the rest of the proof. 

I show that the convolution map /3 : Q(G, Ei) x C^{G, E2) ^ C^iG, F) 
is discontinuous. As in the proof of Proposition 14. 3[ we may assume that 
El = E2 = F = M. and that 6: M x M — )■ M is multiplication, for the proof 
of discontinuity. Let K (1 G he a. compact identity neighbourhood, and 
M C G be a relatively compact, open set such that KK C M. There exists 
a sequence (xj)jgN in G such that (xjM)jgN is locally finite. For each i E N, 
let hi G G^{G) be a function such that supp(/;,j) C XjM and /ij = 1 on 
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some neighbourhood of XiKK. Let Vt be the set of all 7 G C^{G) such that 
Il7llfxi_ft:x — W^i'yWix^KK < 1 alH G N (with notation as in Definition [TT]). 
Then Q is an open 0- neighbourhood in C^{G) (cf. Lemma ll.3p . If /3 was 
continuous, then we could find 0-neighbourhoods V C C^(G') and W C 
C^°°(G) such that l3{V x W) C n. There exists s G No and r > such that 
{t] G C^(G') : llr^llf < r} C ty. Also, for each i G N there exists (Tj > such 
that {7 G C;;^(G') : ||7||^ < a,,} C \/. Thus /3(7, r/) G and hence 

II7 * VWtx^KK < 1 

for all 7 G Cl.j^{G) and 77 G C^(G') such that ||7||^ < ai and \\ri\\^ < r. 
Hence, using Lemmas 11.111 and 12.5^ 

Il7 * VWIkK = lk^-i(7 * V)\\t.KK = 11(^^-17) * VWtx^KK < 1 

i i 

for all 7 G C^(G) and r] G C^(G) such that ||7||,^ < (Xi and Hr^Hf < r. But 
this contradicts the following lemma. □ 

Lemma 5.1 Let G be a non-discrete Lie group, K ^ G be a compact identity 
neighbourhood, and r, s G Nq. Then the convolution map 

{Ck{G). It) X {C^{G), Its) ^ C^k{G) (17) 

is discontinuous, if one uses the ordinary Frechet space topology on the right 
hand side, but merely the two indicated norms on the left. 

Proof. Suppose that the map f|T7|) was continuous - we shall derive a contra- 
diction. Let 0:P— T-QCgbea chart for G around 1, such that 0(1) = 0, 
P = P~^, d(f)\Q = idg and (f){x~'^) = — 0(x) for all x G P (for example, a 
logarithmic chart). After shrinking K, we may assume that K = (f)~^{A) for 
some compact 0- neighbourhood A <0 Q with [— 1, IjA C A. In particular, 
K ^ P. Let m > be the dimension of G, Ag be a Haar measure on {g, +), 
and Aglg be its restriction to a measure on {Q, E{Q)). Then the image mea- 
sure 0*(Ag'|p) is of the form pdWq with a smooth function p: Q — )']0,oo[. 
Given 7 G C^(G), let 7 := 7 o g C^{Q). Then, for all 7, r/ G C^(G), 

(7 * ^)(0) = / i{y)f]{-y) p{y) d\{y) . (18) 

JQ 

If y is a vector field on G and 9 := dcf) oY o (p^^ g C°°{Q, W^) its represen- 
tative with respect to the chart 0, then 

{Dy.iT = (19) 
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where -Dy(7) is as in (jl]), and -De .7 := cFy o (idQ,9). Choose n G 2N so 
large that m + r + s + 2-2n < 0. Pick h E C'^{q) such that h ^ and 
h{x) = h{—x) for all x G 0. There is f G A \ {0} such that h{v) 7^ 0. Then 
7^ 0. To see this, find c > 1 such that ]— c, c[f C Q but ]— c, c[f ^ A. 
Then g: ]— c, c[— )■ R, t 1— )■ /i(tt>) is a compactly supported non-zero function, 
whence g'^^^to) ^ for some to ^ ]— c, c[ and thus D^h{tQv) ^ 0. For t G ]0, 1], 
define 7*,^?* e CS(Q) C C^{Q) via 

:= f+^h{x/t) and ?7t(x) := t'+^h{x/t) 

for x G Q. Define 74,174 G C^(G') via 74(0;) := 7t(0(a^)) and 7]t{x) := fit{(j){x)) 
if X G P, 7t(x) := r7t(x) := if x G G \ 

Claim: 7^ ^ m C^(G') and ^ zn (C^(G'), ||.||f) as t 0. 
Il7i * '7tlln'n as t — 7- 0, whence ''it* Vt 1^ ^ C'^j^{G). 

Therefore the map in flTTl) is not continuous, contradiction. 

To prove the claim, we first note that 

{D^^...D^,.^t){x) = j2t'^'''9^{t,x) (20) 

i=l 

for j G N, ^1 . . . , G C°°((5, 0) and x G Q, where 

5fj(t,x) = rf(^)/i(x/t,G(x), . . . 

and x) for i < j is a sum of terms of the form d^'^^h{x/t, /i(x), . . . , /j(x)) 
with suitable smooth functions G C°°((5,0)- This can be 

established by a straightforward induction, using that application of to 
X ^ di^h{x/t, /i(x), . . . , /,(x)) yieldS 

^d(*+^)MxA,/i(x),...,/.(x),e(x)) 

+rf«/i(x/t, (I^^/i)(x), . . . , /,(x)) + ■ ■ • + rf«/i(x/t, /i(x), . . . , D^{f,){x)) 

for 1^ G C°°((5,0). A similar description (with s in place of r) can be given 
for . . . D^-^.f]t. We find it useful to abbreviate /i^*-* := S^^h anc|f| 

||/^«||op,oo :=sup{||/i«(y,.)||op:i/e0}. 

^Recall that d^'^h{x, .): ^ F is i-linear (see, e.g., [H], [55], [55]). 

^As usual, for normed spaces {Ei, ||.||i), . . . , {Ei, and (F, ||.||_f) and a continuous 
i-linear map B : Ei x ■ ■ ■ x Ei F , we define ||i3j|op as the supremum of . . . , Xi)!!^, 

where Xj £ Ej witli \\xj \\j < 1 for j = I, . . . ,i. 
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Note that h^^\x/t, fi{x), . . . , fi{x)) vanishes for x outside tA and hence for 
X ^ A, and that its norm is bounded by 

||/^^^^||op,oo||/l||oo-- 



As a consequence, 



irrespective of t and x. A similar estimate is available for gj{t,x). Also, 
< ll^lloo^'^'''^- Hence, if j G {0, . . . , r}, we can find C > such that 

i=l 

max 1 1 (9" 7t I loo 

\a\<r 

as t ^ and thus 7t in entailing that 7t ^ in C^(G') ^ ^^^(P). 

Likewise, ?7j — )■ in C^{G), whose topology can be described by the norm 
and thus r/t ^ in (C^(G), ||.||f). 

Next, let X be the right invariant vector field on G with X{1) = v, and Y 
be the left invariant vector field with Y{1) = v. Let ^ := d(f) o X o and 
( := d(j) o Y o be the local representatives. By (fT8|) and ( IT9|) . 

JQ 

Write {D^^t)ix) = Eti^'^-'-'giit, x) and iD^fit)ix) = E;=i a;) 
as in (EOD. Then 



(D^D^(7t*r/,))(0) = t^ + '^+^ + ^-^n g^^^^ y^^^^^^ ^^^^ ^^^^^^ ^ ^^^^ 

where -R(t) is the sum of the terms t2n-i-j^-m g^^^^ y)hj{t, —y)p{y) dXg{y) 
with i,j G {1, . . . ,n} and (i, j) 7^ (n, n). For these («, j). 



h^Hy/t, My), . . . , f^(y))h^^)(-y/t, hi-y), . . . , %(-i/)))p(y) ^^Ag(y) 



h^'\z, h{tz), . . . , fci(-t^), . . . , k,{-tz)))p{tz) d\{z) 

Q/t 

h^'\z, Mtz), . . . , f,itz))h^^\-z, hi-tz), . . . , k,i-tz)))pitz) dX,iz) 

'A 

< ||/^^^^||op,Oo||/^«||op,Oo||/l||oO---||/d|oo||A;i||oO---||A:,||oo||pU||ooAg(A^ 
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(using the substitution y/t = z to obtain the second equahty), where the 
final estimate is independent of t. Since 2n — i — j > 1 and thus t^^^^^J' 
as t — )■ 0, we deduce that i?(t) — j- 0. Similarly, substituting z = y/t, we get 

t"^ / gn{t,y)hn{t,-y) p{y) d\{y) 

jQ 

= t-™ / h^-\y/t,ax),...,ax))W''\-y/t,Chy),...,a-y))piy)dXM 

JQ 

= [ h^"\z, atz), i{tz)))h^-\-z, a-tz), . . . , c(-tz)) p{tz) d\{z) 

jQ/t 

= [ h^-\z, atz), . . . , at^m^^'H-z, a-tz), . . . , a-tz)) p{tz) d\{z) (21) 

J A 

which tends to 

/ h^:^\z, m, m))h^''\-z, C(0), . . . , C(0)) p(0) dX,{z) 

J A 

= [ h^'^\z,v,...,v))h(-\~z,v,...,v)p{0)dX,{z) 

J A 

= p(0) / (D'^hiz))^ d\{z) =: a > 

J A 

as t — )■ 0. Note that the integrand in (12T|) is continuous for (t, y) G [0, 1] x A, 
whence Lemma IA.2I applies. Since R{t) — )• 0, there exists r G ]0, 1] such 
that \R{t)\ < a/2 for all t e]0,t]. Then {D]^D^{-ft * Vt))iO) > t™+'-+^+2-2"| 
for all t G]0,r], which tends to oo as t — > 0. Hence also Wjt * VtWn'n — 
KDxDyi'jt * Vt)){^) \ goes to oo as t — > 0, and the claim is established. □ 



6 Convolution on cr-compact groups 

In this section, we complete the proof of Theorem A. As we have already seen 
in Sections m and |5] that conditions (a) and (b) of the theorem are necessary 
for continuity of /9, it suffices to consider the case that (a) and (b) are already 
satisfied, and to show that (3 is continuous if and only if condition (c) of the 
theorem is satisfied. In parallel, we shall establish a result concerning discrete 
groups. To formulate it, let {G,r, s,t,b) be as in the introduction. If G is 
discrete, then Cp{G,H) = 0„gG^ ='■ ^^^^ ^i^h the locally convex direct 
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sum topology, for each p G No U {00} and locally convex space H. We show: 

Proposition 6.1 // G is an infinite discrete group, then the map 
f3: E['^^ X -E'g'"^'' — )■ F^'^\ /3(7,?7) := 7 *fe 77 is continuous if and only if G 
is countable and b: Ei x E2 F satisfies product estimates. 

We need only prove Proposition 16.11 for countable G (as the discontinuity 
of (3 for uncountable G was already established in Proposition I4.3p . 

Lemma 6.2 Let G be a a-compact, non-compact, locally compact group and 
V ^ G be a compact identity neighbourhood. Then there are sequences {gi)i£fq 
and (/ij)jeN G, such that the family {giVhjV)(^ij)^f>i2 is locally finite. 

Proof. Since G is locally compact and a-compact, there exists a sequence 
(i^j)jgN of compact subsets of G such that G = IJieN — ^i+i^ ^'^^ 

all i E N. We may assume that Ki = 0. It suffices to find sequences {gi)ien 
and (/ij)jeN in G such that 

giVhjV n Ki^j = (22) 

for all i,j G N, where zVj denotes the maximum of i and j. Indeed, if K ^ G 
is compact, then K C Kn for some G N and thus K n giVhjV = unless 
i, j E {1, . . . ,n — 1} (which is a finite set). To find such sequences, we make 
an arbitrary choice of gi,hi G G. Let n G N now and assume that gi, hj have 
been chosen for i,j G {1, . . . , n} such that (!22|l holds. Then the subset 

n 

P :=[j ir„+ir-i/iTV-i 
i=i 

of G is compact. As G is non-compact, we find gn+i G G \ P. Also Q : = 
Ur=/ ^~^9i'^Kn+iV~^ is compact, whence we find hn+i E G\Q. Then (1221) 
holds for all z, j G {1, . . . , + 1}. We need only check this if i = n + 1 or 
j = n + 1. If j = + 1, then hj = h^+i ^ Q and thus giVhjV fl Kn+i = 0. If 
j < n and i = n + 1, then g^ = gn+i ^ P and hence giVhjV fl Kn+i = 0. □ 

We shall use the seminorm ||.||p,Li on G^{G,E) (where p is a continuous 
seminorm on £"), defined via ||7||p,Li := fcPiliv)) dXciy). Foi' each compact 
subset K (lG,we have ||7||p,Li < AG!(-ft')||7||p,oo for all 7 G Cl^{G,E). Hence 
||.||p2.i is continuous on G^{G,E) and hence also on C^{G,E). 
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Necessity of product estimates. Let {G,r, s,t,b) be as in the introduction. 
Assume that G is not compact, and asume that the conditions (a) and (b) 
from Theorem A are satisfiedjj Also, assume that (3 is continuous. Pick a 
relatively compact, open identity neighbourhood V ^ G. By Lemma 16. 2[ 
there are sequences (xi)jgN and (?/j)jgN in G such that the family iVij)(^ij)^^2 
of open sets Vij := XiVi/jV is locally finite. Pick gi,hj G Cl{G) such that 
gi,hj > 0, Ki := supp(5(i) C XiV, Lj := supp(/ij) C yjV, and WqiWi^ = 
\\hj\\Li = 1. Pick hij G C^{G) such that hij > 0, supp(/iij) C Vij and 
hijlxiLj = 1- For i,j G N, let be a continuous seminorm on F. Let Z be 
the set of all 7 G C*(G, F) such that 

(V2,jgN) ■7||p,_^,ii < 1. 

Lemma [1.31 entails that Z is an open 0-neighbourhood in Cl{G,F). As /3 is 
assumed continuous, there exist open 0-neighbourhoods X C Cl{G,Ei) and 
Y C E2) such that /3{X xY)CZ. Using Lemma [HSl for each i G N 

we find a continuous seminorm pi on i?i such that QiB^' (0) C X. Likewise, for 
each j G N there is a continuous seminorm on E2 such that (0) C Y. 

For t> G -Bi*(0) and w G -B^''(0), we then have 7 := P{giV,hjw) G and 
thus ||7llp,,j,Li = \\hi,j ■ l\\p,,,,L^ < 1 (noting that supp(7) C KiLj on which 
hi J = 1). Therefore 

1 > h\\p^J,L^ = / Pi,jil{x)) dXcix) 

JG 

= 11 VLjip{9i{y)v,hj{y-^x)w)d\G{y)d\G{x) 

JG JG 

= Pi,j{Kv,w)) / / gi{y)hj{y~^x) dXciy) dXc^x) 

JG JG 

= pij{b{v,w))\\gi\\Li\\hj\\Li = pij{b{v,w)) . 

Hence 6(5^' (0) x 5^(0)) C 5f '(0), entailing that pij{b{x,y)) < Pi{x)qj{y) 
for all i,j G N. Thus 6 satisfies product estimates. 

6.3 Sufficiency of product estimates. As before, let {G,r, s,t,b) be as in 
the introduction, and assume that conditions (a) and (b) from Theorem A 
are satisfied. Also, assume that b satisfies product estimates (condition (c)). 
We show that /3 is continuous. To this end, let (/ii)jeN be a locally finite 



^If G is discrete, these conditions are equivalent to countability of G. 
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partition of unity on G (smooth if G is a Lie group; continuous otherwise), 
with compact supports Ki := supp{hi). For all i,j G N, the convolution 
map fij: C'l^^{G,Ei) x CI^. {G, E2) — )■ Gl{G,F) associated with b is then 
continuous (see Lemmas 12.11 and I2.2p . We claim that the hypotheses of [221 
Corollary 2.5] are satisfied. If this is true, then the bilinear map 

f-- ®CkSG,E,) X ^C'^^iG,E,) ^ GliG,F) 

taking ((tO^gn, (^j)ieN) to I](i,j)GN2 /ij(7i, ^7^) is continuous (by the latter 
corollary). Since also the linear map C^(G,£'i) — t- ^i^f^Cl^.{G, Ei), 
7 I—)- {hi ■7)igN and the analogous map \1/ : C^{G, E2) — )■ 0jgN C^_{G, E2) are 
continuous, we deduce that /3 = / o ($ x ^f) is continuous. 

To prove the claim, let Qij be continuous seminorms on Gl{G, F) for all 
i,j G N. If t < 00, choose k,i e No with k < r, i < s and k + i = t. If 
t = r = s = 00, let k := i := 0. If i < j, then there exists a continuous 
seminorm Pij on F and Sj.-,- G No such that Sij < s and 

(V7eCl,^^^.(G,F)) Q,,(7) < ll7ll£t.P.. 

(see Lemma n.Sp . If i > j, there exists a continuous seminorm Pj j on F and 
G No such that r^j < r and Qiji'j) < WlWr-^/^p. . for all 7 G C*j^^^^,(G', F). 
By hypothesis (c), there are continuous seminorms Pi on Ei and gj on ii^2 
such that Pij{b{x,y)) < Pi{x)qj{y) for all i,j G N and all x G -Ei, y G E2. 
For 2, j G N, let Pi := ||.||^p^ and Qj := \\.\\f^q^. For i,j G N with i < j, let 
g„-:=AG(K.)||.||f,,^,,^.. Then 

Q^Al*bv) < hHv\\ki,„P.^, < h\\LMi,,,,>^Gm = P^{i)%Av) (23) 

for all 7 G ^^^(6*, El) and 7] G (^^^ (G, E2), using LemmaEB If ^, J G N with 
^ > J, let p,,,- := AG(i^i)||.L^,^,p,. For 7 e G^^(G,Ei) and r/ G ^^^,(^,^2), 

Qm(7 H v) < Il7 vWrM, ^ ll7llt.pJl^llt.^G(^^) = Pm(7)Q,(^) (24) 
(using Lemma [2^6] again) . By fl23|) and (IMj) . the claim is established. □ 
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7 Convolution of C-maps and C*-maps 



Proposition 7.1 Let {G,r, s,t,b) be as in the introduction, and 

Pb-. C'^iG^Ei) X C'{G,E2) C\G,F) and 
Ot: G\G,E{) X Q(G,E2) ^ G\G,F) 

be the convolution maps taking {'~f,i]) to 7 r/. Then and 6b are hypocon- 
tinuous. The map Pb is continuous if and only if G is compact. Likewise, 9b 
is continuous if and only if G is compact. Moreover, the convolution maps 

(3k: C'i^{G,Ei) X G'{G,E2) G\G,F) and 
eK:G'{G,E,)xG'K{G,E2) ^ G\G,F) 

taking (7, rj) to *bf] are continuous, for each compact subset K C G. 

Proof. Since ^^(7,//) = /3fev(r/*, 7*)* for all (7,7/) G G'XG,E^) x C^iG^E^) 
and /3fe(7,r/) = eb^{j]%Y)* for all (7,7/) G x G'{G,E2), where 

the involutions denoted by * are continuous linear maps (Lemma ll.lSp . the 
assertions concerning 9b follow if we can establish those concerning /3 := 

We first show that (5k is continuous for each compact subset K C G. To 
this end, recall that the topology on G^{G,F) is initial with respect to the 
linear maps pw '■ G^{G, F) — )■ G^{W, F) , •y 'y\w , for W ranging through the 
relatively compact, open subsets of G (cf [201 Lemma 4.6]). Since K~^W 
is compact, there exists h G C°°(G) with compact support L := supp(/i), 
such that h\j^^iy^ = 1. For 7 G C^(G,Ei) and rj G G'{G,E2), we have 
(7 *6 = J^b{-f{x),ri{y-^x))dXG{y) = Jj^b{-f{x),ri{y-^x)) dXciy) = 

Jj^.b{-f{x),{h ■ r]){y-^x))dXGiy) = IgK^(^)^(^ ' v)iy~^x)) dX^y) = 
(7 *b {h ■ ri)){x) for all x G and hence 

Pwi(3Kh, V)) = Pwi(3Kil, h-T])) = pwiKl^ h-T])), 

using the convolution /i: C^(G',Ei) x Ci(G,^2) ^ C|^i(G',F) C C*(G,F), 
which is continuous by Lemmas 12.11 and 12.21 Since also the multiplication 
operator ruh'. G'^{G,E2) — )■ C£(G',i?2), "'7 ^ h ■ rj is continuous (cf [T9| 
Lemma 3.9 and Proposition 3.10]), pw o I^k and hence [3k is continuous. 

If 7 e C:(G,Ei), then /3fc(7,.) = Aupp^lT, •) : C'^(G',^2) ^ C*(G,F) is 
continuous. For ri G ^^(^,^2), the map (3b{.,ri): Gl{G,Ei) G\G,F) is 
linear and (3b{-T'u)\c'j^{G,Ei) = (^xi-jV)'- Ck{G,Ei) G^{G,F) is continuous 
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for each compact set K C G. Hence, since Cl{G,Ei) = \imC^{G, Ei) as a 

locally convex space, /3h{.,ri) is continuous. Thus (3^ is separately continuous. 

li B C C^[G,Ei) is a bounded set, then B C C^{G,Ei) for some com- 
pact set K C G (Lemma [1.161 (c)). and thus /3\bxc^{g,E2) = f^K\BxCHG,E2) is 
continuous. Hence (3h is hypo continuous in the first argument (Remark IB.ip . 

To see that f3b is hypocontinuous in the second argument, let (Ai)jg/ be 
a family of linear maps A^: F — )■ Fj to Banach spaces Fj, such that the 
topology on E is initial with respect to this family. Then the topology on 
C^{G, E) is initial with respect to the mappings C^{G, Aj) for z G / (see [20} 
Lemma 4.14] for manifolds; cf. flbl 3.4.6] for topological spaces). Hence, by 
Lemma [R2] (c). we need only show that each of the maps C*(G, Xi)of3b = P\oh 
is hypocontinuous in the second argument. We may therefore assume now 
that F is a Banach space. Then there exist continuous linear mappings 
■01 : Fi — )■ Fi and V'2 : -^2 — ^ -^2 to suitable Banach spaces Fi and F2, and a 
continuous bilinear map c: Fi x F2 — )■ F such that c o i^ipi x 1IJ2) = b. Since 
(ih = {CliG, ipi) X C^iG, i'2)), we need only show that /3c is hypocontin- 
uous (see Lemma IB. 21 (b)). We may therefore assume that all of Fi, F2, 
and F are Banach spaces. Then C]^(G,Fi) is a Frechet space for each 
compact subset K C G, and hence barrelled. Hence also C^(G,Fi) is 
barrelled, like every locally convex direct limit of barrelled spaces [55] II. 7.2]. 
As the first factor of its domain is barrelled, the separately continuous bi- 
linear map Pb- CliG.Ei) x C{G,E2) — )■ C\G,E) is hypocontinuous in the 
second argument [391 HI. 5. 2]. As we already established its hypo continuity 
in the first argument, is hypocontinuous. 

Finally, we show that Pb (and hence also 6b) fails to be continuous if G is 
not compact. Pick u G Fi, t> G F2 such that w := f3{u,v) 7^ 0. Let K C G 
be a compact identity neighbourhood and p be a continuous seminorm on F 
such that p{w) > 0. Then W := {-f e C\G,E): -f{K) C F^(0)} is an 
open 0-neighbourhood in C*{G,E). To see that Pb is not continuous, let 
U C Q(G,Fi) and V C C'{G,E2) be any 0-neighbourhoods. Let {Ui)i^i 
be a locally finite cover of G be relatively compact, open sets. Since the 
topology on C"*(G', F2) is initial with respect to the restriction mappings pi : 
C^(G,F2) ^ C'{Ui,E2), 7 ^ i\u, (cf. |20l Lemma 4.12]), we find a finite 
subset Iq ^ I and 0-neighbourhoods Qi C C^{Ui, F2) for i E Iq such that 




(25) 
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Since K := [J^^i^ Ui is compact and we assume that G is not compact, the 
open set G \ K is non-empty. We pick r] G C^{G) such that r] > 0, r] ^ 
and supp(?7) C G\K. Then rja := a^jv G V for each a > (by fl25|) ). Define 
7a G Cl{G,Ei) via 7a(a;) := ^^(a^""^)"". Since [/ is a 0-neighbourhood, there 
is ao > such that ^ U for all a> uq. Then 

p((7a *b^a2)(i)) = / viy~^)v{y~^) dXciy) = apMWvWh , 

Jg 

where the right hand side can be made > 1 for large a. Thus 7a H Vo? ^ 
although 'ja & U and 7732 G 1^- Hence /3b(t/ x V^) ^ W. Since f/ and K were 
arbitrary, is not continuous. □ 

A Background on vector-valued integrals 

If is a locally convex space, {X, T,,fi) a measure space [7] and 7: X — )■ 
a function, we call a (necessarily unique) element v & E the wea/c integral 
of '-y with respect to jj, (and write fxli^) dfi{x) := t;) if A o 7 : X — M is /i- 
integrable for each X E E' and \{v) = A(7(x)) d^{x). If p is a continuous 
seminorm on E, using the Hahn-Banach Extension Theorem one finds that 

p (^j^ ^{x) dii{x)^ < ii{X) ||7||p,oo . (26) 



Lemma A.l Let {E, ||.||) be a locally convex space, X be a locally compact 
space, ^ be a Borel measure on X {see 13. ip and X E be a continuous 
mapping with compact support K. If K is metrizable, assume that E is se- 
quentially complete or satisfies the metric convex compactness property; if K 
is not metrizable, assume that E satisfies the convex compactness property. 
Then the weak integral 7(x) (i/i(x) exists in E. 

Proof. See [29, 1.2.3] for the first case, [371 3.27] for the two others. □ 
The next two lemmas can be proved exactly as [HI Proposition 3.5]. 

Lemma A. 2 Let E be a locally convex space, X be a topological space, fi a 
Borel measure on a compact space K , and f : X x K E be a continuous 
map. Assume that the weak integral g{x) := Jj^ f{x,a) dfi{a) exists for each 
X G X. Then g: X ^ E is continuous. 
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Lemma A. 3 In the situation of lA. 21 assume that n G M, r G Nq U {oo}, 
A C ?s open, the partial derivatives dif{x,a) of f with respect to the 
variables in X exist for all a G Ng with \a\ < r, and define continuous maps 
dff: X X K ^ E. Also, assume that the weak integrals J^, df f{x,a) dfi{a) 
exist in E for all a as before. Then g: X ^ E, x ^ /(x, a) dfj,{a) is C' , 
and d°'g{x) = dff{x, a) dfi{a) for all ogNq with \a\ < r and x E K. 

B Hypocontinuous bilinear maps 

Hypocontinuity. As a special case of more general concepts, we call a 
bilinear map P : Ei x E2 ^ E between locally convex spaces hypocontinuous 
if the following conditions are satisfied: 

(HI) For each 0-neighbourhood V E and bounded set Bi C Ei, there 
exists a 0-neighbourhood U <^ E2 such that (3{Bi x U) (^V; and: 

(H2) For each 0-neighbourhood V ^ E and bounded set B2 C E2, there 
exists a 0-neighbourhood U Ei such that /3(f/ x B2) C V. 

In this case, /3 is separately continuous (as Bi, B2 can be chosen as single- 
tons). If f3 is separately continuous and satisfies (HI) (resp., (H2)), we say 
that (3 is hypocontinuous in its first (resp., its second) argument. 

Remark B.l It is well known that a separately continuous bilinear map 
(3: El X E2 — )■ E between locally convex spaces is hypocontinuous in its 
second argument if and only if its restrictions f3\EixB- Ei x B — )■ E are 
continuous for all bounded subsets B C E2 (see, e.g., [21, Proposition 16.8]; 
cf. Proposition 4 in [T2^, Chapter HI, §5, no. 3]). 

Simple observations concerning hypocontinuous bilinear maps will be useful. 

Lemma B.2 (a) Let (3: Ei x E2 ^ E be a bilinear map between locally 
convex spaces which is hypocontinuous in its second argument. Let 
A: E ^ H be a continuous linear map to a locally convex space H. 
Then also Ao/3: E1XE2 —> H is hypocontinuous in its second argument. 

(b) Let (3: El X E2 ^ E be a bilinear map between locally convex spaces 
which is hypocontinuous in its second argument. Let Hi, H2 be locally 
convex spaces and ipi: Hi ^ Ei, 1IJ2'. H2 ^ E2 be continuous linear 
maps. Then also (3 o (^ipi x 1^2) : Hi x H2 ^ E is hypocontinuous in its 
second argument. 
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(c) Let El, E2 and F be locally convex spaces. If the topology on F is initial 
with respect to a family (Aj)jg/ of linear maps Ai: F ^ Fi to locally 
convex spaces Fi, then a bilinear map P : E1XE2 ^ F is hypocontinuous 
in its second argument if and only if Ai o p is hypocontinuous in its 
second argument, for each i E F 

(d) Let {Ei)i(zj and {Fj)j^j be families of locally convex spaces and let 
(3 : ( 0jg/ Ei) X ( 0jg J Fj) H be a bilinear map to a locally con- 
vex space H . Then P is hypocontinuous in its second argument if and 
only if Pij := P\EixF '- Ei x Fj H is hypocontinuous in its second 
argument, for all {i,j) & I x J. 

(e) If El, E2 are locally convex spaces and P : Ei x E2 ^ F is a continuous 
bilinear map to a Frechet space F, then there exist continuous linear 
maps ipi: El ^ Fi and ip2- E2 ^ F2 to Frechet spaces Fi,F2 and a 
continuous bilinear map 6: Fi x F2 F such that P = 9 o [ipi x il)2)- 

Proof, (a) A o /3 is separately continuous, and A o PIe^xb is continuous for 
each bounded subset B C E2. Hence A o /3 is hypocontinuous in its second 
argument (see Remark IB. 

(b) The composition 7 := /3 o {^ipi x 1P2) is separately continuous. If 
B C H2 is bounded, then ip2{.B) is bounded in E2, entailing that 7|hixb = 
/3|£;ixV'2(B)°V'i ^ (V'2|b) is continuous. Hence 7 is hypocontinuous in its second 
argument (using Remark IB. II again) . 

(c) If a; G -El, then /3(x, .) : E2 ^ F is continuous if and only if 
Aj o /3(x, .): E2 ^ Fi is continuous for each z G /. Likewise, /3(., y) is contin- 
uous for y E E2 if and only if Aj o /3(., y) is continuous for each i. If i? C E2 
is bounded, then P\eixb is continuous if and only if AjO/3|£;^x_B is continuous 
for each i E I. The assertion follows with Remark IB. II 

(d) Write E := 0,g^^i, F := ^j^jFj. For i G /, let Xi: Ei ^ E he the 
usual embedding. Also, let /ij : Fj ^ F be the embedding for j G J. If P is 
hypocontinuous in its second argument, then so is Pij = /3o (Aj x /ij), by (b). 

Conversely, assume that each Pij is hypocontinuous in its second argu- 
ment. If X = (xj)jg/ G E, then x G Ei for some finite set Jq C /. 
The linear map P{x,.): F — )■ H is continuous on Fj for each j E J (as it 
coincides with J2i&io ■) there). Hence P{x, .) is continuous (by the uni- 
versal property of the locally convex direct sum). Likewise, P{.,y): E ^ H 
is continuous for each y E F, and thus P is separately continuous. 
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Let B C J Fj be a bounded set and U H he an absolutely convex 
0-neighbourhood. Then B C -Fj =: X for some finite subset Jo J 

[31] II. 6. 3]. Let n be the number of elements of Jq. Excluding only trivial 
cases, we may assume that n > 1. For j G Jo, let tij-X — >■ Fj be the 
projection onto Fj. Then Bj := njiB) is bounded in Fj. For each i E I, using 
the hypocontinuity of Pij we now find a convex 0-neighbourhood V^j C Ei 
such that X B^)C if/. Set := HjeJo^i,]- Then /3(V; x'^,) = 

(^ijiVi X -Bj) C if/ and hence, using that B C J^jeJo^J^ 

m xB)C 5^ X B,) C 5^ ^f/ C f/. 

Now V := conv(lJjgj- V^) is a 0-neighbourhood in i?. As every Vi is convex, 
for each x E V there are a finite set Jq C J, elements Xj G for i G Jq, and 
> for i G Jo with ^^^j^ ti = 1 and x = ^^^j^ tiXi. Hence, for each y E B, 

P{x,y) = ^t,/3(x„i/) G C f/. 

Thus P{V X B) (1 U. Hence /3 is hypocontinuous in its second argument. 

(e) Let (s„)„gN be a sequence of continuous seminorms on F defining its 
locally convex vector topology. For each G N, we then find continuous 
seminorms P„ on Ei and Qn on E2 such that s„(/3(x,?/)) < Pn{x)Qn{y) for 
all X e El, y e E2. Then A^i := {x E Ei: (Vn G N) P„(x) = 0} is a 
vector subspace of Ei, and N2 := {y E E2: (Vn G N) Qniv) = 0} a vector 
subspace of i?2- We equip Ei/Ni with the vector topology defined by the 
sequence {pn)neN of seminorms given by Pn{x + Ni) := Pn{x), and let Fi 
be the completion of Ei/Ni. Likewise, F2 denotes the completion of E1/N2, 
equipped with the seminorms g„ obtained from the Qn- If x E Ni and y E E2, 
then y)) = for each n G N and thus /3{x, y) = 0. Likewise, (3{x, y) = 

for all X E El and y E N2. As a consequence, B : (Ei/Ni) x {E2/N2) — )■ F, 
B{x+Ni, y+N2) := P{x, y) is a well-defined bilinear map, which is continuous 
as Sn{B{x + Ni, y + N2)) = s^x, y)) < P„(a;)Q„(i/) = Pn{x + Ni)q^{y + N2). 
Since F is complete, B extends to a continuous bilinear map 9: FiX F2 ^ F 
(cf. Theorem 1 in [T^ HI, §6, no. 5]). Let ipi: Ei ^ Fi be the composition 
of inclusion map Ei/Ni Fi and the canonical map Ei Ei/Ni. Define 
ip2- E2 ^ F2 analogously. Then {3 = 6 o {jpi x 1P2) indeed. □ 
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C Proofs for Sections [T] to 



Proof of Lemma ll.2l Since A := ©ie/Aj is linear and continuous on each Ei, 
it is continuous (by the universal property of the locally convex direct sum). 
Moreover, A is injective since each A, is injective. To see that A is an embed- 
ding, let U C Ei =: E he a. 0-neighbourhood. By Remark ll.ll there is a 
continuous seminorm p on E, of the form p{x) = Yliei Pii^i) with continuous 
seminorms Pi on Ei, such that -Bf (0) C U. Since Aj is an embedding, there 
exists a continuous seminorm qi on Fj such that X^^ {Bf (0)) C B^'{0). Then 
l{y) '■— lihji) defines a continuous seminorm on Fi. We now show 
that \{E)nBl{Q) C A(5[(0)) C \{U) (whence \{U) is a 0-neighbourhood in 
X{E) and hence A open onto its image - as required). In fact, \i{Ei)nBf (0) C 
A,(Sf(0)). Hence A(i?) n E?(0) = {y E e,,,Ai(E,): E^^j q^{y^) < 1} = 
convUg,(A.(i5;.) n 5f (0)) C convUe, A,(Sf (0)) C A(5f(0)). □ 

Proof of Lemma [TTSl If C M is compact, then F := {j e J : K n Kj ^ 
0} is a finite set, and $(C^(M,E)) C 0^.^^ C^^.(M, E), identifying the 
right hand side with a topological vector subspace of ^j^j C^^{M, E) in 
the usual way. Since ^j^pC^.{M, E) = Ylj^p^Kji^^ ^) ^ topological 
vector space, the restriction of ^ to C^{M, E) will be continuous if we can 
show that all of its components with values in C"^^ (M, E) are continuous, for 
j G F. But these are the multiphcation operators C^{M,E) — )• C^^{M, E), 
'-f ^ hj ■ 7, whose continuity is well-known (cf. Proposition 3.10]). 

If the hj form a partition of unity, let S : ^.^j C^k. Im, E) Ci [m, E), 
{■Jj)jGJ ^ '^jsjlj be the summation map, which is linear, and continuous 
because it is continuous on each summand. Then So^ = idcj:{M,E)- Hence $ 
has a continuous left inverse and hence $ is a topological embedding. □ 

Proof of Lemma 11.41 Because supp(7|5) C S* fl supp(7) is compact for 
each 7 G C^{M, E), the map $ makes sense, and it is clear that $ is linear. 

$ is continuous: If C M is compact, there is a finite set F <0 P 
such that K C [js^^S. Then <I>(C^(M,E)) C ^^^pC'^{S, E), whence the 
restriction of $ to C]^(M, E) will be continuous if we can show that all of 
its components with values in C^IS, E) are continuous, for S E F. But these 
are the restriction maps C'^{M,E) — t- C^{S,E), 7 (-)■ 7I5, and hence are 
continuous because they can be written as a composition of the continuous 
restriction map C^{M,E) — )■ C^j-^g{S, E) (compare \19^ Lemma 3.7]) and 
the continuous inclusion map C^^g{S, E) — )■ C^{S,E). 

If P is a partition of M into open sets, let ^ : ©^^p C^iS, E) Cl{M, E) 
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be the map taking a element 77 := {■ys)seP of the left hand side to the 
function 7 G C^{M,E) defined piecewise via 7(0;) := 7s(x) for x G S*. Then 
$(\l/(?7)) = rj, and thus $ is surjective. Moreover, \l/($(7)) = 7 for 7 G 
C^{M,E), whence $ is injective. Hence $ is bijective, with \1' = By 
the universal property of the locally convex direct sum, the linear map \E' will 
be continuous if its restriction \l/5 to the summand C^{S,E) is continuous, 
for each S* G P. To check this property, it suffices to show that the restriction 

of to C^i^SjE) is continuous for each compact set K C S. But 
is continuous, as it is the composition of the map C^{S,E) — )■ CL;{M,E) 
extending functions by off (which is known to be continuous and the 
continuous inclusion map C^(M, E) — )■ C^{M, E). □ 

Proof of Lemma 11.51 As the C'^"'"^-property can be tested on the open 
cover of chart domains, we may assume that M C R™- is open. The proof 
is by induction on k. li k = 0, then 7 is by hypothesis (and I = k -\- 1). 
Now assume /c > 0. Then 7 is C^. For each X G ^-"1, the map X.7 is C^~^ 
and Xj . . . X1.X.7 is for all j G No such that j < k — 1 and Xi G J^j+i for 
i E {1, . . . , j}. Hence X.7 is C^~^^~^, by induction. Let J^i = {Xi, . . . , Xm} 
and write Ej = for j G {!,..., m}. Then = X^i^i with smooth 

functions a^j G C°°(M) and thus ^ = EIli (^^-7) is C"=+^-i. Since 7 
is and its first order partial derivatives are C^^^^^, the map 7 is 

Proof of Lemma 11.61 Step 1 . Let U be the set of all open subsets of M 
which are diffeomorphic to open subsets of (where m is the dimension 
of M). For each s G No U {00}, the topology on C'^{M,E) is initial with 
respect to the restriction maps pfj: C^(M, £0 — )■ C^{U,E), 7 '^\u (see 
PUI Lemma 4.12]). Taking s = r, we deducejj If the lemma holds for each 
space C*(f/, E)^ then O on C"'(M, E) is initial with respect to the maps 

Dx^u,-,x,\u °Pu=Pu° Dx^,...,x, ■ (27) 

Taking s = 0, we deduce that Tjr is initial with respect to the maps on the 
right hand side of fl271) . Hence O = Tr- 

Step 2. In view of Step 1, it only remains to prove the lemma assuming 
that there exists a C'-diffeomorphism (p: M onto an open set V C M™. 

^See [20I, Lemma 4.24] if r > 0; the case r = is elementary. 

®If the topology on a space X is initial with respect to maps fi: X ^ Xi, with i ^ I, 
and the topology on Xi is initial with respect to maps gj,i : Xi — > Xj^i to topological spaces 
Xjj, for j E Ji, then the topology on X is initial with respect to the maps gj^i o /j. 
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If X is a smooth vector field on M, let us write X' := Tip o X o ^ for 
the corresponding vector field on V. Define C'^{M,E) — t- C'^(V,-E'), 
7 H- 7 o 0-1 for s e No U {00}. If s G N U {00}, then $3_i(X.7) = X'.<l>,(7) 
for each vector field X on M and 7 G C"'(M, E), whence 

for all j e {0, . . . , r} and X, G J-i for i G {1, • • • , j}. Hence, since $0 and 
are isomorphisms of topological vector spaces (cf. [2U1 Lemma 4.11]), the 
topology on C^{M,E) is initial with respect to the Dx ,...,Xi if and only if 
the topology on C^(y,E) is initial with respect to the Dx'.,...,x[- 

Step 3. By Step 2, we may assume that M = is an open subset of MJ^. 
We claim: If also Q = {Qi, . . . , Qr) is an r-tuple of frames on V, then Tg C Tj^. 
Hence also Tj- C (reversing the roles of J-" and Q) and thus Tj^ = Tg. But it 
is known that (9 = Tg if we choose Qi := {^, • • • , gf-} for alH G {1, . . . , r} 
(cf. [ini Proposition 4.4]). Thus Tj- = 7g = O, as required. 

To establish the claim, recall that the multiplication operators 
mf:C''iV,E)^C\V,E), m^(7):=/-7 

are continuous for each / G C^iV) (cf. [191 Lemma 3.9]). Write J-^ = 
{Yi i, . . . , yj^m}- Then each X G is a linear combination X = Xlfc^i (^kY^i,k 
with coefficients G C°°(y). Hence, for all j G {0, . . . , r} and Xi G 
Qi, . . ., Xj G it follows from the product rule that Dxj,...,Xi can be 
written as a sum of operators of the form mj^ o Dy. ^ y^^^, where 
i G {0, . . . , j}, /ci, . . . , /Cj G {1, . . . ,m} and fki,...M ^ C'^{V). Since makes 
the map Dy. j.,...,yi j.^ : C""(y, i?) — )■ C°(V, £") continuous and also the multipli- 
cation operator m/j.^ : C''(V, i?) — )■ C°(V, £") is continuous, it follows that 
7> makes Dx^,...,x^ : ^^(V, E) ^ ^^(V, E) continuous. Hence 7^ C 7>. □ 

Proof of Lemma 11.81 By definition, the topology on C^{G,E) is initial 
with respect to the inclusion maps C'^{G,E) C^{G,E) with n G Nq. 
It hence suffices to prove the lemma for t G Nq. For (a), let J-i := J-'l for 
i G {1, . . . ,t} (with notation from Definition II. 7p . For the proof of (b), let 
J^i = J^R for i G {1, . . . , t}. In either case, let J-" := (J-'l, . . . , J-j). Because 
the topology on Cf^{G,E) is defined by the seminorms ||.||p,oo, it follows 
with Lemma [L6l that the topology on Cj^(G, E) is defined by the seminorms 
7 ^ \\Xj . . .Xi.7||p_oo with j G {0, . . . ,t} and Xj G J^i for z G {1, . . . , j}. 
The pointwise maximum of these (for fixed p) is \\-\\fp in (a), ||.||fp in (b). 
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from which the descriptions in (a) and (b) follow. We now prove the first 
half of the final assertion (the second half can be shown analogously). If 
i e {0, . . . , £} and j G {0, . . . ,k} are given, let J-" = {J^i, . . . , J-i) be the t- 
tupel whose first i entries are J-j?, followed by j entries J-^, followed by t—i—j 
arbitrary frames. Then Lemma [1.61 implies that 7 1— . . .Xi.7||oo,p is 
continuous on C\^{G,E), for all Xi G ^-"1, . . ., Xi^j G J^i+j. The maximum 
of all these seminorms for i < i and j < k is IMI^'^p, which therefore is 
continuous. Hence, the topology defined by these seminorms is coarser than 
the given topology. On the other hand, taking J^i := J^r for i G {!,...,£} 
and J^i = Tl for z G + 1, . . . Lemma 11.61 shows that the topology 
on Cj^{G,E) is defined by the seminorms 7 1— )■ . . . Xi.7||p 00, for j G 
{0, . . . ,t}, continuous seminorms p on E and Xi G J-^. For fixed p, each of 

\ \ L Ft 

the latter seminorms is bounded by IMI^'^p. Hence the topology defined by 
the ||.||fc'|^p is also finer than the given topology, and thus coincides with it. □ 

Proof of Lemma 11.101 We discuss {r^ can be treated analogously). 
Since left translation Lg-. G ^ G, Lg{x) := gx is a C"~-diffeomorphism, the 
map Eg : C^{G, E) — )■ G^{G, E) , •y Tg {•y) = yo Lg is continuous and linear 
[ini Lemma 3.7]. Hence also its restriction Eg^K- C^{G,E) — )■ C^_i^(G, £^) 
is continuous, and so is the map Eg^c- Cl{G,E) — > Gl{G,E), 7 'Tgi.l) (as 
it is linear and its restriction Eg^K to C^IG, E) is continuous for each K). It 
is clear that each of the preceding maps is bijective; the inverse map is given 
by Sg-i, Eg-i g-iK ^ud - 1 g , r c sp c ct l vely, and hence continuous. □ 

Proof of Lemma 11.111 If X is a left invariant vector field on G and 

7 G G\G), then (X(r^^7))(a) = d{y o L,)(X(a)) = dyT{Lg){X{a)) = 
dyX{ga) = {X.y){ga) for a G G and thus X.(t^(7)) = T^{X.y). Hence 

||Xj...Xi.(rg^(7))|g-ii^||oo = \\Tl^{Xj...Xi.y)\g-iK\\oo = ||Xj...Xi.7|i^||oo 
for all j G {0,...,£} and Xi,...,Xj G J^l (using the notation from 
Definition II. 7p . Now take the maximum over all j and Xi, . . . , Xj. □ 

Proof of Lemma 11.131 The map rjc'- G ^ G, x ^ x~^ is G^. Hence 
(Vg)* '■ G^'{G, E) —7- G'''{G, E), y I^Vg is continuous linear [191 Lemma 3.7]. 
As /: G — 7']0, oo[, f{x) := Ag{x~^) is C^, we can consider the multiplica- 
tion operator mj: G^{G,E) — )■ G'^{G,E), mf{y){x) := f{x)y{x), which is 
continuous linear (cf. [201 Proposition 4.16] if r > 0, and [T9l Lemma 3.9] 
otherwise). Thus G = mfO^-qQ)* is continuous linear. Because $o$ = id, we 
deduce that $ is an isomorphism of topological vector spaces. As a restriction 
of G, also the bijection Qk (with inverse G^^-i) is an isomorphism of topolog- 
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ical vector spaces. Finally, the linear map $c is continuous (as its restricions 
$x to the spaces C'^{G, E) are continuous) and hence an isomorphism of 
topological vector spaces (as $c o '^'c = id). □ 

Proof of Lemma ll.l4l Since is linear, it will be continuous on C^{M) = 
lim C^(M) if its restriction ^k- C'k{M) -> C^(M, E) C Q(M, E), 7 ^ 7U 
to C]^{M) is continuous for each compact subset K C M . Let /x: M x — )■ 
be the scalar multiplication, and h: M — )■ M be a smooth map such that L := 
supp(/i) is compact and h\K = 1. Because /i is smooth and /i(0,0) = 0, also 
the bilinear map C£(M, /i) : Q(M) x Q(M, E) = Cl{M, Rx E) ^ Cl{E), 

is smooth and hence continuous [HI Proposition 3.10]. Hence also $7^(7) = 
jv = hjv = /i(7, hv) is continuous in 7. To complete the proof, pick \ E E' 
such that \{v) = 1. Then Q(M,A): Cl{M,E) Cl{M), 7 A o 7 is 
a continuous linear map (by [191 Lemma 3.3] and the locally convex direct 
limit property), and C^(M, A) o <|)^ = idcj(Af) because A o {^v) = 7. Since $t, 
has a continuous left inverse, it is a topological embedding. □ 

Proof of Lemma 11.151 We first observe that the map &: E ^ C^{M, E) 
taking v E E to the constant map Q{v): M E, x ^ v is continuous. In 
fact, the linear map Q: E ^ C^{M,E) is continuous, as 

(yvEE) \\e{v)\\p,K := \mv)\K\\p,o.<p{v) 

for each continuous seminorm p on E and compact subset K C M. Since 
d'^[Q{v)) = for all /c e N with k < r, we see that is also continuous as a 
map to C'XM, E). We now use that C"'(M, E) is a topological C"'(M)-module 
under pointwise multiplication: Scalar multiplication R x E ^ E being 
continuous bilinear and hence smooth, also C^{M, fi) : C^{M) x C^[M, E) = 
C^(M,M X E) ^ C''{M,E), {-f,T]) ^ /i o (7,77) =: 777 is smooth (see ^ 
Proposition 4.16] if r > 0, \W[ Lemma 3.9] if r = 0) and hence continuous. 
Thus \E'£;(7,f) = 79(f) = C^(M, /i)(7, 9(f )) is continuous in (7,f). □ 

Proof of Lemma 11.161 (a) It is clear from the definition of the topology 
that any 0-neighbourhood U <^C^{M, E) contains an intersection f/ifl. . .nf/^ 
of 0-neighbourhoods of the form Ui := {7 E C'^{M,E): \\d^"^\\pi,Ki < ^i} 
with n E N, Ei > 0, it E No such that £j < r, a continuous seminorm pi on E 
and a compact set Ki C T^^M. Let {Ep, \\.\\p) be the Banach space associated 
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to the continuous seminorm p '■= Pi + ■ ■ ■ + Pn on E, and Xp-. E ^ Ep he 
the canonical map. Then := {7 G C^i^M, Ep) : ||(i^'7|| ||.||p,A'i < ^i} is an 
open 0-neighbourhood in C^{M, Ep) and hence also := fl . . . fl V„,. Since 
C^(M,Ap)-^(\/) C f/, the assertion follows^ 

(b) Since M is cr-compact, there exists a locally finite C^'-partition of 
unity {hj)j(zfq on M such that each hj has compact support Kj := supp(/ij) 
(take a partition of unity subordinate to a relatively compact open cover 
using Theorem 3.3 and Corollary 3.4 in Chapter II] if r > 0, [T^ 
Theorem 5.1.9] if r = 0). Then $ from Lemma 11.31 is a topological em- 
bedding. Thus, for each 0-neighbourhood U C C^(M,E), there exist 0- 
neighbourhoods Uj C ^^^{M.E) such that $"H0jgNf^i) ^ f^- As a 
consequence of (a), each Uj contains a set of the form C]^^ (M, yUj)^^(V^) 
for some Banach space Ej, continuous linear map ^j: E — )■ Ej, and 0- 
neighbourhood Vj in Cl^.{M, Ej). Then F := Yljen^j ^ Frechet space, 
and A := {fij)j^fq: E ^ F is continuous linear. Let T^j'- F — )■ Ej be the 
projection onto the j-th component, and Wj := C]^^. (M, 7rj)~^(V^). Be- 
cause : C^{M,F) — 7- 0^gj^ C^.(M, F), 7 (hj'y)j(z^ is continuous linear 
(LemmaOD, the set P := ^"HS^^pj IVj) is a 0-neighbourhood in Q(M, F), 
and hence Q := Q(M, Xy\P) is a 0-neighbourhood in Q(M, F) (using [HI 
Lemma 4.11]). If 7 G Q, then hj{X o 7) G Wj for each j G N, and hence 
TTj o (/ij(Ao7)) G Vj. Since ttj o (/ij(Ao7)) = hj^fijOj) = f^joi^hj^y), we deduce 
that /ij7 G t/j and thus 7 G t/. Thus Q ^ U, and the assertion follows. 

(c) Let 5 C C^(M,E) be bounded. As M is locally compact and 
paracompact, it admits a partition P into a-compact open sets [T5| The- 
orem 5.1.27]. Let Cl{M,E) ®sep'^ciS,E) be as in Lemma O 
Then $(-B) is bounded and hence $(-B) G 0^gp^ C^(S', F) for a finite set 
Pq ^ -P- After replacing the S E Pq hj their union, we may assume 
that B C C^(S,E) (as a consequence of Lemma [TT^ Cl{S,E) can be re- 
garded as a topological vector subspace of C^{M, E)). Hence, we may 
assume that M is cr-compact. Let Ki,K2,... be compact sets such that 
M = Ur=i^™ and each Kn C K^^^. Then Cl{M,E) is the locally con- 
vex direct limit of C^j^^{M,E) C ^^^{M.E) C where C]^^{M,E) = 
{7 G +1(^5 ■ C^^ G M \ 7(x) = 0} is a closed vector subspace of 
C],^^^ (M, F) and (M, F) induces the given topology of C],„ (M, F) , for 

G N. Hence 5 is a bounded set in C^„(M, F) for an n G N [311 II.6.5]. □ 

9C^(M, Ap) : C^(M, £;) ^ C^(M, Ep), 7 Ap o 7 is also continuous [H Lemma 3.3]. 
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Proof of Lemma 12.11 If (7 *h v)i^) 7^ 0) then by there is ?/ G supp(?7) 
such that xy^^ G supp(7). Hence x G supp(7)y C supp(7) supp(?7). Now 
assume that K is compact. Because the integrand in ([6]) is continuous as 
a map taking {x,y) G G x supp(7) to F, the continuity of 7 17 follows 
from Lemma IA.2I If M C G is compact and q a continuous seminorm on F, 
there are continuous seminorms pi on Ei and p2 on E2 such that q{b{v, w)) < 
Pi{v)p2{'w) for all V G Ei, w G E2. For all x G M, we infer ^((7 '7)(a^)) < 

7l|pi,oo||'7l-ft'~iM||p2,oo- Thus 

11(7*6^7)^119,00 < AG(i^)||7l| pi, 00 P2,oo; 

(28) 

and hence /3 is continuous. 

If L is compact, we have (7 *b ?7)(x) = jj^h{j{xz~^),/S.G{.z^^)'ni.^))d\G{z) 
by dHD, from which continuity of 7 *f, follows. Finally, (3 is continuous as 

11(7 Hr])\M\\q,oo < AG(^)||7|AfL-i||pi,oo||^?||p2,oo||AG|i-i||oo- □ 

Proof of Proposition 12.21 We may assume r, s G Nq and proceed by 
induction, starting with r = 0. If also s = 0, see Lemma [2.11 

Now let s > 0. If a;o G G, let \^ C G be an open neighbourhood 
of xq with compact closure V . If K is compact, set M := K. If K is 
not compact, then M := \^L~^ is compact. In either case, (7 *6 fi){x) = 
/m ^(7(^)' ^(^~^-^)) '^'^g(|/) for all X G V. Hence (7*^77) |y is G'^. by Lemma lA.3t 
and thus 7 77 is G'^. The lemma also entails that 

Cy,.{j*bV){x) = / b{-f{y),dri{T{Ly-i){C^^{x)))dXG{y) 

J M 

= [ h{^{y),dTi{T{Ly-^)T{L^){v,))d\G{y) 

JG 

= I Kiiy),i^v^-v)iy'^x))d\Giy) = {-t *biCy,.ri)){x) , 

JG 

using that T{Ly-i)T{L^){vi) = T{Ly-ioL^){vi) = T{Ly~i^){vi) = Cy^{y~'^x). 
Since Cy-^^r] G Cl^^{G, E2), we obtain, by induction on s, 

C^r ■ ■ ^vi-il *b'n) = Cy^---C^2-il*b^vi-r]) = 1 *bi^v, - ■ ■ ^vi-v)- (29) 

Now assume that r > 0. If s = 0, then ([8]) enables Lemma IA.3I to be 
applied0 and thus 7 *6 r/ G G'''(G, F). Moreover, repeating the arguments 

^"^For X € V as above, we can replace the domain of integration by a compact set again. 
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leading to ([21]) with right translations, we deduce from (jS]) that 

T^wj ■ ■ ■ T^wi ■ (7 *b v) = (T^w, ■ ■ ■ T^wi -7) *b V ■ (30) 

If 7 is C and r] is C^, then C^^ ■ ■ ■ C^^-in Hv) = 1 *b {C,v, ■ ■ ■ Cvi-i) is C"" 
by the case s = 0, and ( TTU]) holds. Thus 7 *b ^ is C"'"'"'^, by Lemma [T31 In 
view of Lemmas IL6I and I2.H the right hand side of ffTOl) is continuous as a 
map C]^(G, El) x Cl{G, E2) — )■ C'kl(^) P)^ t"!, . . . , fj and i^i, . . . , Wj. 

Hence /3 is continuous as a map to C'^^{G,F), by Lemma [L6l □ 

Proof of Lemma 12.41 Substituting z = xy and using the left invari- 

ance of Haar measure, we obtain (7 *b = ^g{x~^){'-]' *b = 

= J^b''{r]*{z),r{z-^x))dXGiz) = ir]*H-r)ix). □ 
Proof of Lemma 12.51 (a) With z = g~^y and left invariance of Ac we get 

{'rg{l*bV)){x) = il*bV)i9x) = j K-f{y),ri{y~^gx))dXGiy) 

Kli9z),v{z'^x))dXG{z) = ((r^^7) *bV){x). 

(b) For X G G, get T^{l*bV){x) = {l*bV){x9) = lGK7{y),v{y~^xg)) dXG{y) 
= b{^{y), T^{r]){y-'x)) dXG{y) = (7 H r^ivM^)- □ 

Proof of Lemma 12.61 Let J^/j and be as in Definition 11.71 If i G 
{0, . . . , fc}, J e {0, . . . , £}, Xi, . . . , e J^r^ and Yi, . . . , Yj e J^L, then 

\\Xi...X,Yi...Y,.{lHv)Loo = ||(Xi...X,.7)*,(ri...F,.r7)||,,oo 
< ||Xi...X,.7||p,oori...r,.r7||p,,ooAGW < WlWtMtm^^GiK) 

by ffTUl) and fl25]) . All assertions now follow by passage to maxima over 
suitable i,j and the corresponding vector fields. □ 

Proof of Proposition 12.71 Let us write 13b for (3. 

Step 1: Assume that G is cr-compact. Then the topology on Cl{G,F) 
is initial with respect to maps of the form Cl{G,Xi) for certain continu- 
ous linear maps A^: F — > to Frechet spaces (Lemma IL16l (b)). Hence, by 
Lemma [R2] (c). f3b will be hypocontinuous if we can show that G^i^G, Xi)o(3b = 
Px^ob is hypocontinuous for all i & I. Thus, we may assume that F is a Frechet 
space. Then b = co[ipiXip2) with certain continuous linear maps V^i : Fi — )■ Fi 
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and il)2'. E2 — !■ F2 to Frechet spaces and a continuous bilinear map 
c: F1XF2 F (see Lemma EKe)). Thus = /^^o (C^^(G, ^1) x ^2)), 
and we need only show that /3c is hypocontinuous (Lemma IB.2l (b)). Hence 
El and E2 are Frechet spaces, without loss of generality. Then Cl{G, Ei) and 
C^{G,E2) are locally convex direct limits of Frechet spaces and hence bar- 
relled [5^ II. 7.1 and II. 7. 2], whence (3 will be hypocontinuous if we can show 
that it is separately continuous (by [521 III. 5. 2]). For fixed r] G C^{G, E2), let 
L := supp(77). The map f3{.,ri): C^{G,E2) — )■ Cl{G,F) being linear, it will 
be continuous on CliG, Ei) = limC]^(G, £'1) if we can show that its restric- 
tion to Gl^{G,Ei) is continuous for each compact set K (1 G. But this is 
the case, since the convolution map C]^(G, Ei) x C|,(G, E2) — t- C]^^(G, F) C 
Cl{G,F) is continuous, by Lemmas 12.11 and [2^2] By an analogous argument, 
/5(7, .) : Q(G, E2) C*(G, F) is continuous for each 7 e Gl{G, Ei). 

Step 2. Let if C G be a a-compact open subgroup, G/H := {gH : g E G} 
be the set of left cosets and H\G := {Hg: g E G} the set of right cosets. 
Since G/H is a partition of G into open sets, we can identify C^{G,Ei) 
with ^j^j^Q^j^ C^{M, El), by Lemma II. 4[ In particular, we can regard 
C^{M,Ei) as a topological vector subspace of C^{G,Ei) (extending func- 
tions by 0). Likewise, C^{G,E2) can be identified with ^j^^jj^^^C^i^N, E2). 
By Lemma [B. 21 (d). /3 will be hypocontinuous if we can show that its restric- 
tion to I3m,n- Q(M,Ei) X c{{N,E2) Ci{G,F) is hypocontinuous for all 
M e G/H and N e H\G. Write M = mH and N = Hn with suitable 
m,n E G. Using Lemma [2. 5^ we can write 

Pm,n = r^-i o r^-^ o /3h,h o (r^ x r„^), (31) 

where r^: Q(M,Ei) ^ Gl{H,Ei), r^: ^(iV,^^) ^ ^(^^,^2), 
r„^_,: C*(ii,F) ^ C*(iV,F) and r^_, : C*(iV, F) ^ C*(miV,F) C C*(G,F) 
are the respective translation maps, which are continuous as restrictions of 
translation maps on spaces of test functions on G (as in Lemma [1.1 01) . Since 
Ph,h '■ Cl{H, El) X C^{H, E2) — )■ Cl{G, F) is hypocontinuous by Step 1, using 
Lemma [R2] (a) and (b) we deduce from (IHT]) that also each of the maps f3M,N 
is hypocontinuous. This completes the proof. □ 

Proof of Lemma 13.21 As $ is linear, it will be continuous if its restriction 
$x to Mk{X) is continuous for each compact set K ^ X. By the hypotheses, 
^{Mk{X)) is contained in the finite direct sum ^j^j^M{Aj), whence 
will be continuous if we can show that its components with values in M{Aj) 
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are continuous, for all j G Jk- But these are continuous, as they have 
operator norm < 1 (noting that ||/i|B(Aj)|| = l/^K^j) < = ll/^ID- ^ 

Proof of Lemma 13. 3i $ is continuous: If K C X is compact, there is 
n G N such that K C K^. Then $(M;^(X)) C 0^.^^ M^^,(X), whence the 
restriction of $ to Mk{X) will be continuous if we can show that all of 
its components with values in Mk {X) are continuous, for j G {1, • • • ,n}. 
But these take fi G Mk{X) to lKj\Kj^i © Z^, and hence are continuous, as 
they have operator norm < 1 (since \\lKj\Kj.i © = \'^Kj\Kj.i © /^|(-^) = 
(lK'j\ifj_i©|yu|)(-^) = < IfJ-liX) = ||/i||.) Now consider the map 

S ■ 0nGAf ^KniX) Mc(X), (/i„)„gN H- Y,n=i f^n, which is coutinuous as it 
is continuous on each summand and linear. Then 5 o $ = idMc(X)- Thus $ 
has a continuous left inverse, and hence $ is a topological embedding. □ 

Proof of Lemma 13.41 The linear map $ will be continuous if its restriction 
to Ck^X) is continuous for each compact set K ^ X. The latter holds, 
since ||$a'(7)|| = ||7©/^ll = (ItI & fJ'){X) = < fi{K)\\-f\\oc. Likewise, 

the restriction of \1/ to L]^{X) is continuous because ||\E';^(7)|| < ||7||j^i.n 
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